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Abstract The boundary of any observer’s spacetime is the boundary that
divides what the observer can see from what they cannot see. The bound-
ary of an observer’s spacetime in the presence of a black hole is not the true
(future event) horizon of the black hole, but rather the illusory horizon, the
dimming, redshifting surface of the star that collapsed to the black hole long
ago. The illusory horizon is the source of Hawking radiation seen by observers
both outside and inside the true horizon. The perceived acceleration (gravity)
on the illusory horizon sets the characteristic frequency scale of Hawking ra-
diation, even if that acceleration varies dynamically, as it must do from the
perspective of an infalling observer. The acceleration seen by a non-rotating
free-faller both on the illusory horizon below and in the sky above is calculated
for a Schwarzschild black hole. Remarkably, as an infaller approaches the sin-
gularity, the acceleration becomes isotropic, and diverging as a power law. The
isotropic, power-law character of the Hawking radiation, coupled with conser-
vation of energy-momentum, the trace anomaly, and the familiar behavior of
Hawking radiation far from the black hole, leads to a complete description of
the quantum energy-momentum inside a Schwarzschild black hole. The quan-
tum energy-momentum near the singularity diverges as r−6, and consists of
relativistic Hawking radiation and negative energy vacuum in the ratio 3 : −2.
The classical back reaction of the quantum energy-momentum on the geom-
etry, calculated using the Einstein equations, serves merely to exacerbate the
singularity. All the results are consistent with traditional calculations of the
quantum energy-momentum in 1+1 spacetime dimensions.
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1 Introduction
The generalized laws of black hole thermodynamics introduced by [1] and [2]
are generally considered to be a robust feature of quantum gravity, that any
successful final theory should predict. According to these laws, an observer
outside the horizon of a black hole will observe the black hole to emit ra-
diation with a temperature proportional to the gravity at the horizon, and
the entropy of the black hole equals one quarter of its horizon area in Planck
units. The notion that black holes are thermodynamic objects, with a defi-
nite temperature and a definite number of states, has led to some of the most
fertile ideas in contemporary physics, including the information paradox [3],
holography [4], and AdS-CFT [5].
There is a large literature on Hawking radiation and black hole thermody-
namics from the perspective of observers outside the horizon, but surprisingly
little from the perspective of observers who fall inside the horizon. Part of the
problem is that it is technically challenging. The full apparatus of quantum
field theory in curved spacetime is cumbersome (e.g. [6,7,8,9], and hampered
by the limited analytical understanding of the radial eigenfunctions of the
wave equation in static black hole spacetimes (including the Schwarzschild
geometry), which are confluent Heun functions [10,11,12] (see Appendix C.5).
A complete solution is known in 1+1 spacetime dimensions, where the
trace anomaly and conservation of energy-momentum serve to determine the
complete renormalized quantum energy-momentum tensor in any prescribed
geometry [13,14,7,15]. At the end of this paper, §8, the results derived in this
paper for 3+1 dimensions are shown to be consistent with the known results
in 1+1 dimensions.
[16] make some headway by considering a 2+1 dimensional Ban¨ados-Teitel-
boim-Zanelli (BTZ) black hole, for which the propagator of a scalar field can
be written down as an explicit infinite sum [17]. [16] find that the first few
or several terms of the propagator yield a satisfactory approximation to the
response of an Unruh-deWitt detector outside and near the horizon of the black
hole. Unfortunately, the number of terms needed increases near the (conical)
singularity, thwarting a successful computation there.
[18] report a similar approach to the Schwarzschild geometry, computing
the propagator (Wightman function) entirely numerically. The paper’s con-
clusion states: “the Wightman function is divergent at short distances, and
while it is known how the divergent parts come to be subtracted in the ex-
pressions for the transition probability and transition rate, the challenge in
numerical work is to implement these subtractions term by term in a mode
sum. For a radially infalling geodesic in Schwarzschild, a subtraction procedure
in the Hartle-Hawking state is presented in [19], and a numerical evaluation
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of the transition rate is in progress. We hope to report on the results of this
evaluation in a future paper.”
[20] considers the response of an Unruh-deWitt detector freely falling inside
a 1+1 Schwarzschild black hole, finding a switching rate proportional to r−3/2
near the singularity (his equation (4.53)), consistent with the present paper.
[21] consider a massless scalar field in the background geometry of a collaps-
ing spherical shell in 3+1 dimensions. By restricting to spherically symmetric
(zero angular momentum) eigenmodes, [21] are able to find exact solutions
for the behavior of scalar modes as seen by radial free-fallers at various times
after collapse of the shell. [21] conclude that the evolution is unitary and
non-thermal. To the extent that the emission can be characterized by a tem-
perature, “As the shell is collapsing to a point and approaching singularity, the
temperature grows without limits,” consistent with the results of the present
paper.
[22] collect from the literature approximate expressions for the quantum
energy-momentum 〈Tkl〉 of scalar, spinor, and vector fields, massless and mas-
sive, in the Schwarzschild geometry in the Hartle-Hawking state. The Hartle-
Hawking state represents a black hole in a reflecting cavity; or equivalently, a
black hole in unstable thermal equilibrium with a thermal bath whose tem-
perature at infinity is the Hawking temperature. [22] apply their results to the
Schwarzschild interior, but fall short of reaching definitive conclusions.
One fruitful approach to the calculation of the expectation value 〈Tkl〉 of
the quantum energy-momentum tensor was pioneered by [23] (see also [24]),
who pointed out that in a stationary, spherical spacetime some of the tech-
nical difficulties can be side-stepped by imposing covariant conservation of
energy-momentum (which 〈Tkl〉 should satisfy), which reduces the number
of components of 〈Tkl〉 to be calculated from 4 to 2, and by invoking the
trace anomaly (or conformal anomaly), which relates the trace of the quan-
tum energy-momentum to the Riemann curvature tensor in a general curved
spacetime. [23] did not apply their results to the Schwarzschild interior.
[25] has discussed the interior of a Schwarzschild black hole in the con-
text of recent ideas in quantum gravity. Reviewing [23]’s approach, he writes:
“Can quantum back-reaction drastically alter the geometry deep inside the
horizon and prevent formation of a singularity? The correct effective energy-
momentum tensor deep inside the horizon is not known, except for the con-
formal anomaly piece. However, when gravitons are included, the conformal
anomaly strongly dominates the rest of the energy-momentum tensor in the
vicinity of the horizon, and quite possibly would do so even in the deep inte-
rior.”
The author suspects that there is another barrier to understanding Hawk-
ing radiation inside a black hole, a barrier that is conceptual rather then
technical. Most physicists would agree that Hawking radiation is emitted from
the black hole’s horizon, and that the states of the black hole are encoded on
the horizon. But what happens when an infaller free-falls through the horizon?
Do they find Hawking radiation there? Do they find the states of the black
hole there?
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What happens becomes apparent from general relativistic ray-traced visu-
alizations of what it looks like falling into a black hole [26]. When an observer
watches a black hole formed from gravitational collapse, they are watching not
the future event horizon of the black hole, but rather the redshifting, dimming
surface of the star or whatever else collapsed into the black hole long ago. [26]
dubbed this redshifting, dimming surface the “illusory horizon,” because it
gives the appearance of a horizon, but it is not a true event horizon (neither
future nor past; a future event horizon is defined by [27] to be the bound-
ary of the past lightcone of the extension of an observer’s worldline into the
indefinite future; a past horion is the same with past ↔ future). When an ob-
server falls through the “true” future event horizon, the surface of no return,
the observer does not catch up with the illusory horizon, the redshifted image
of the collapsed star. Rather, as the visualizations of [26] show, the illusory
horizon remains ahead of the infaller, still redshifting and dimming away. An
observer inside the true horizon sees the true horizon above, and the illusory
horizon below. They are not the same thing, despite having the same radial
coordinate.
The illusory horizon is the boundary of an observer’s spacetime. It divides
what an observer can see from what they cannot see, which remains true inside
as well as outside the true horizon. The illusory horizon, not the true horizon,
is the source of Hawking radiation seen by an observer. If it is accepted that the
illusory horizon is the source of Hawking radiation, then it becomes possible
to calculate the Hawking radiation seen by an observer inside the true horizon.
This is the purpose of the present paper, to calculate the Hawking radiation,
and the expectation value of the quantum energy-momentum, inside the true
horizon of a Schwarzschild black hole.
The inadequacy of the future event horizon as a source of Hawking radia-
tion was recognized by [4], who introduced the “stretched horizon,” a timelike
surface located one Planck area above the event horizon. Unfortunately, the
concept of the stretched horizon fails for observers who fall through the hori-
zon. Moreover the idea that the stretched horizon lives literally just above
the true horizon is misleading: it suggests that an infaller might go down and
touch the stretched horizon. The name illusory horizon is better. Like a mirage
or a rainbow, it is real, yet always out of reach.
Unless otherwise stated, the units in this paper are Planck, c = ~ = G = 1.
2 The illusory horizon
This section discusses the illusory horizon as a prelude to the main text starting
with §3.
Figure 1 illustrates a sequence of Penrose diagrams of the Oppenheimer-
Snyder collapse of a uniform, pressureless, spherical star to a Schwarzschild
black hole. Penrose diagrams are commonly sketched, but one should remem-
ber that they are genuine spacetime diagrams, and can be drawn accurately
with a specific choice of time and space coordinates. It can be a useful exercise
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Fig. 1 Sequence of Penrose diagrams illustrating the Oppenheimer-Snyder collapse of a
pressureless, spherical star to a Schwarzschild black hole, progressing in time of collapse
from left to right. On the left, the collapse is to the future of an observer at the centre of
the diagram; on the right, the collapse is to the past of an observer at the centre of the
diagram. The diagrams are at times −32M , −8M , 0M , 8M , and 32M relative to the middle
diagram. On the left the Penrose diagram resembles that of Minkowski space, while on the
right the diagram resembles that of the Schwarzschild geometry. The thick (red) line that
goes from the bottom of the diagram (past infinity) to top left (singularity formation) is
the surface of the collapsing star. Thin (blue and purple) lines are lines of constant radius
r and time t, the time t being Schwarzschild time outside the surface of the star, and
cosmological (Friedmann) time inside the star. An animated version of this diagram is at
http://jila.colorado.edu/~ajsh/bh/collapse.html#penrose.
to draw Penrose diagrams accurately, because sometimes sketched diagrams
can be misleading. The Penrose diagrams in Figure 1 are drawn in Penrose
coordinates defined in Appendix A, equation (76) and (77). The Penrose dia-
grams in Figure 1 are drawn from the perspective of observers at several dif-
ferent times during the collapse of the black hole. The diagram evolves from
something that resembles Minkowski space well before collapse, to something
that resembles the Schwarzschild geometry well after collapse.
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Fig. 2 Penrose diagram illustrating the trajectory of an observer who falls to the singularity
of a Schwarzschild black hole. The observer sees Hawking radiation (wiggly lines) from the
illusory horizon below and from the sky above. The lightly shaded region surrounds the
causal diamond of the observer. Hawking pair partners lie outside the causal diamond,
ensuring that there is no firewall contradiction.
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An important point to notice is that the surface of the collapsed star in
the Penrose diagram asymptotes to the place where the antihorizon, or past
horizon, would be in the analytically extended Schwarzschild solution. This is
the illusory horizon.
Figure 2 illustrates a Penrose diagram of Hawking radiation seen by an
observer who falls to the singularity of a Schwarzschild black hole
3 On the calculation of Hawking radiation
Quantum field theory (QFT) in curved spacetime predicts that an accelerating
observer, or an inertial observer watching an accelerating emitter, perceives
spontaneous quanta of radiation that would classically be absent. The relative
acceleration between emitter and observer causes positive frequency modes in
the emitter’s frame to transform into a mix of positive and negative frequency
modes in the observer’s frame. In QFT, negative frequency modes signal par-
ticle creation.
A star that collapses to a black hole asymptotically approaches a stationary
state. If the collapsed star has zero angular momentum, then the stationary
state is the Schwarzschild geometry. But the black hole never quite achieves the
stationary state: an outside observer at rest watching the collapsing star sees
it freeze at the illusory horizon, redshifting and dimming exponentially into
the indefinite future. Long after collapse, the ratio of observed ωobs to emitted
ωem frequencies of radiation is exponentially tiny, and the rate of exponential
redshift at the illusory horizon with respect to the observer’s proper time τ
approaches a constant, the acceleration κ,
d ln(ωobs/ωem)
dτ
= −κ . (1)
The acceleration κ equals the gravity at the black hole’s horizon, and is inde-
pendent of the original state of motion (orbital parameters) of whatever fell
into the black hole long ago. For a Schwarzschild black hole of mass M , the
acceleration at the illusory horizon seen by a distant observer at rest is
κ =
1
4M
. (2)
QFT predicts that the observer will see the black hole emit [28] radiation with
a thermal spectrum at temperature T proportional to the acceleration,
T =
κ
2pi
. (3)
Equation (3) is quite general: an observer who watches a bifurcation horizon
at which the acceleration κ appears constant over at least several e-folds of
redshift will see approximately thermal radiation at the temperature given by
equation (3) [29].
When an observer falls through the true horizon of a black hole, they do
not catch up with the star that collapsed long ago. Rather, they continue to see
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the illusory horizon — the dimming, redshifting surface of the collapsed star —
ahead of them, still dimming and redshifting away. Consequently an infalling
observer will continue to see Hawking radiation from the illusory horizon even
after they have fallen through the true horizon.
An observer who free-falls into a black hole also sees the sky above red-
shifting as they accelerate away from the sky into the black hole. Consequently
the infalling observer will also see Hawking radiation from the sky above.
As discussed in the Introduction, a rigorous computation of Hawking ra-
diation seen by an infaller is mathematically and numerically challenging, e.g.
[18]. However, progress can be made by going to the geometric-optics limit,
as shown in the next section §4. The reliability of the geometric-optics limit
is tested numerically in §5.
4 Geometric-optics limit
In the geometric-optics limit, light rays move along null geodesics. Geometric
optics is valid for light at wavelengths much shorter than any other lengthscale
in the problem, namely the lengthscale over which the wave properties vary,
and the curvature lengthscale [30]. In the geometric-optics limit, it is straight-
forward to calculate the acceleration κ on either the illusory horizon below or
in the sky above seen by an infaller.
To avoid ambiguity with radiation that a non-inertial observer would see
[31], I impose that the infaller be freely-falling and non-rotating (a non-rotating
observer stares fixedly in the same inertial direction, whereas a rotating ob-
server swivels their eyeballs). For simplicity, I take the observer to free-fall
radially from zero velocity at infinity. The infaller’s viewing direction is de-
fined by the angle χ relative to the direction directly towards the black hole.
In the Schwarzschild geometry, the acceleration κ0 (the subscript 0 denotes
light rays of zero angular momentum) seen by a radial free-infaller from the
illusory horizon directly below at χ = 0◦, and also from the sky directly
above at χ = 180◦, takes a simple analytic form as a function of the radial
position r of the infaller (the technical details of the calculation are relegated
to Appendix B, eq. 92):
κ0 =

(
1 +
√
r/(2M)
)(
1 + r/(2M)
)
4M
(
r/(2M)
)3/2 below ,
1
4M
(
r/(2M)
)3/2(
1 +
√
r/(2M)
) above . (4)
The accelerations κ0 below and above tend to the same diverging limit near
the singularity,
κ0 → 1
4M
(
2M
r
)3/2
=
1
3|τ | as r → 0 , (5)
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Fig. 3 Acceleration κ0 on the illusory horizon directly below, and in the sky directly above,
seen by a radially free-falling infaller at radius r. The units are geometric (c = G = M = 1).
Both accelerations asymptote to one third the reciprocal of the proper time |τ | left until the
infaller hits the singularity, indicated by the diagonal dashed line.
where |τ | is the proper time left before the infaller hits the central singularity
(the minus sign is so that τ increases as the infaller’s time goes by),
τ = −4M
3
( r
2M
)3/2
. (6)
The two accelerations (4), along with the asymptotic limit (5), are plotted in
Figure 3.
Figure 3 shows that both the illusory horizon below and the sky above
appear increasingly redshifted as the infaller falls. The infaller will therefore
see Hawking radiation not only from the illusory horizon below, but also from
the “cosmological horizon” in the sky above. When the observer is far from
the black hole, the perceived acceleration on the illusory horizon is 1/(4M),
while the acceleration in the sky goes to zero.
In reality the distant universe will not be the asymptotically Minkowski
space of the Schwarzschild geometry, but rather will be whatever the true
cosmology is. Regardless of the cosmology, near the black hole the perceived
acceleration on the sky will be dominated by the observer’s infall into the black
hole, so the precise details of the cosmology are unimportant.
Equation (5) says that the acceleration κ0 tends to a third the inverse
proper time |τ | left before the infaller hits the central singularity. The fact that
the redshift in both directions diverges near the singularity can be attributed
to the diverging tidal force from the black hole. The condition for the observer
to see thermal radiation — that the acceleration be approximately constant
over at least several e-folds — is not achieved when the infaller is near or
inside the black hole. Thus the Hawking radiation that the infaller sees is not
thermal.
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Fig. 4 Acceleration κ on (left) the illusory horizon and (right) the sky above, as seen
by a radially free-falling non-rotating infaller, relative to the acceleration κ0 respectively
(left) directly downward and (right) directly upward, as a function of the viewing angle χ
(χ = 0◦ is directly downward, χ = 180◦ is directly upward). The curves are as seen by the
infaller at radius (red to blue) 16, 8, 4, 2 (true horizon, thick line), 1, 0.5, 0.1, 10−2, 10−3,
and 10−4 geometric units (c = G = M = 1). On the illusory horizon, the acceleration is
constant out to near the perceived edge of the black hole, where the acceleration diverges.
On the sky, the acceleration is positive (redshifting) in the upper hemisphere, χ > 90◦, and
negative (blueshifting) in the lower hemisphere, χ < 90◦. Near the singularity (blue lines),
the illusory horizon and sky occupy the lower and upper hemispheres, and the acceleration
is almost constant over both hemispheres, except for a thinning band near the equator.
It is impossible to arrange the motion of the infaller to eliminate accel-
eration from both below and above. By accelerating inward or outward, the
infaller can reduce the perceived acceleration below or above, but that merely
increases the acceleration in the opposite direction. Consequently it is impossi-
ble to eliminate all Hawking radiation by adjusting the motion of the infaller.
The infaller will necessarily see Hawking radiation. It is sometimes asserted
that an observer who free-falls through the horizon sees no Hawking emis-
sion. It is true that the free-faller will see no Hawking radiation from the true
horizon. But the infaller will see Hawking radiation from the illusory horizon
below, and from the sky above.
The acceleration seen by the infaller in a general viewing direction does not
have a simple expression such as equation (4), but can be calculated straight-
forwardly if laboriously (see Appendix B). Figure 4 shows the acceleration κ
on the illusory horizon and on the sky seen by the non-rotating infaller as a
function of the viewing angle χ, normalized to the acceleration κ0 respectively
directly below and directly above. The left panel of the Figure shows that the
perceived acceleration on the illusory horizon is approximately constant over
the disk of the black hole out to near its apparent edge. Near the apparent
edge, the acceleration increases rapidly, diverging to infinity at the edge (the
infinity is an artifact of the exact Schwarzschild geometry; in a real black hole
formed a finite time in the distant past, the acceleration at the edge would be
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large but finite). The right panel of Figure 4 shows that the acceleration on
the sky is positive (redshifting) in the upper hemisphere, χ > 90◦, negative
(blueshifting) in the lower hemisphere, χ < 90◦, reflecting the fact that the
freely-falling infaller is accelerating away from the sky above and towards the
black hole below.
A striking feature of Figure 4 is that as the infaller approaches the singular-
ity, the acceleration appears to be almost constant over almost all the illusory
horizon and almost all the sky; the acceleration varies with direction only over
a thinning band near the equator. The near constancy of the acceleration can
be attributed to the diverging tidal force near the singularity, which aberrates
null rays away from vertical directions towards horizontal directions. More-
over, as seen in Figure 3, the acceleration near the singularity asymptotes to
the same value, κ→ 1/(3|τ |), on both illusory horizon and sky.
The fact that the perceived acceleration goes over to a (time-varying) con-
stant over almost all the illusory horizon and sky as the infaller approaches
the singularity suggests that Hawking radiation seen by the infaller will be-
come isotropic near the singularity. This idea is a key ingredient underlying
the calculation of the quantum energy-momentum in §6.1.
The acceleration shown in Figure 4 is as perceived by a non-rotating in-
faller, who stares fixedly in the same direction χ as they fall inward. This is
not the same as an observer who stares at the same angular position (latitude)
θ on the illusory horizon or sky above. The acceleration perceived by the latter
observer, who is necessarily rotating (swiveling their eyeballs), is different, as
shown in Appendix B (Figure 10). This emphasizes that Hawking radiation is
observer-dependent. As remarked above, the least contaminated view is that of
an inertial observer, who neither accelerates nor rotates. Near the singularity,
a real observer can hardly help being inertial: the non-gravitational forces that
they can command to accelerate or rotate cannot compete with the diverging
gravitational forces.
An infaller who observes fixedly in the same viewing direction χ pans over
a range of angular positions θ on the illusory horizon or sky as they fall inward.
Correct application of QFT requires that each in-mode that the observer is
viewing is the same over the illusory horizon or sky. This can be achieved by
considering each in-mode to be emitted spherically symmetrically in the frame
of a spherically symmetric shell. In the case of the illusory horizon, from the
perspective of an emitter close to the horizon, only photons emitted within a
tiny interval of directly outward can make it to an outside observer, or survive
long enough to be seen by an infaller who falls in much later. Although the
photons are emitted almost directly outward, a later observer sees them at
various angles. The condition that the observer is viewing the same mode is
that the observed phase of the wave emitted from different points be the same.
This requires that the emitted affine distance λem along the path of the light
ray between emitter and observer be the same. The emitted affine distance
λem is defined to be the affine parameter λ normalized so that it measures
proper distance in the locally inertial frame of the emitter. Affine distances in
different frames differ only by a normalization factor (they are all proportional
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to an affine parameter), proportional to the frequency of the wave. The emitted
affine distance λem is related to the observed affine distance λobs by
λem =
ωem
ωobs
λobs . (7)
The observed affine distance λobs along a ray from any point on the illusory
horizon to the observer is straightforward to calculate. The condition that λem
be the same over the illusory horizon at fixed observer position thus translates
into a condition on the blueshift factor ωobs/ωem as the angular position of
the emitter is varied over the illusory horizon. Appendix B contains further
details.
4.1 Anisotropy near the singularity
It has been argued above that Hawking radiation becomes isotropic near the
singularity, a fact that will be central to the determination in §6.1 of the
quantum energy-momentum tensor near the singularity. However, as Figure 4
shows, the Hawking radiation becomes anisotropic away from the singularity,
and the question arises of how fast this anisotropy develops.
An approximate answer comes from noticing that the edge of the black
hole subtends a perceived angle χedge given by solving equation (85) with
photon angular momentum equal to that at the photon sphere, J = 3
√
3M .
The angular size of the black hole perceived by the radially infalling observer
is
χedge ≈ pi
2
−
( r
2M
)1/2
. (8)
Equation (8) will be used in §6.2 to infer the sub-leading behavior of the
quantum energy-momentum near the singularity, equation (37).
5 Waves
The calculation in the previous section invoked the classical, geometric-optics
limit where light moves along null geodesics, which is valid in the limit of
high frequencies. A correct calculation of Hawking radiation requires following
wave modes of finite frequency. The purpose of this section is to compute a
small sample of waves so as to test the geometric-optics approximation. For
simplicity, I consider only modes of low angular momentum (with various
spins s). I compute the waves numerically from the wave equation (99) in
the Schwarzschild geometry. Details of the wave equation and its numerical
solution are deferred to Appendix C.
Hawking radiation from the illusory horizon originates as outgoing waves
of definite “in” frequency ν in the inertial frame of an infaller at the true
horizon. The strategy to compute these waves is to consider the wave in the
inertial frames of two infallers, an “in” faller who falls in first, and an “out”
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Fig. 5 Frequency ω ≡ dψ/dτ of a wave ϕν ∝ e−iψ of definite “in” frequency ν from (left)
the illusory horizon, and (right) the sky above. Results are shown for two representative
“in” frequencies, the second (red) frequency being a factor e−5/2 lower than the first (blue).
For each of the two “in” frequencies, the frequency from the sky and illusory horizon are
mutually arranged to yield the same observed frequency ω near the singularity. The units
are geometric (c = G = M = 1). The wave has angular momentum l and spin s with (top)
l = s = 0 (scalar wave), (middle) l = s = 1 (electromagnetic wave), and (bottom) l = s = 2
(gravitational wave). The solid (dotted where negative, which occurs for spin s = 2) lines
show the computed frequency ω, while the short dashed lines show the frequency in the
geometric-optics limit. The diagonal (black) dashed line shows the inverse time 1/|τ | left to
hit the singularity. The computed frequency agrees with the geometric-optics limit as long
as |ωτ | & 1 (above the diagonal). The vertical dotted line marks the true horizon.
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faller who falls in some (long) time later. The inertial frame of the first infaller
defines in-modes of definite frequency ν that the second infaller observes some
time later.
Hawking radiation from the sky above originates as waves of definite “in”
frequency ν in the rest frame at infinity. Such waves are necessarily ingoing
when they fall through the true horizon. The waves are eigenfunctions of the
wave equation, which are confluent Heun functions [10,11] (see Appendix C.5).
As with waves from the illusory horizon, I compute waves from sky numeri-
cally from the wave equation (99), which in this case reduces to an ordinary
differential equation. In principle it would be possible to compute the waves
from the series expansion (116) of the Heun function, but because an observer
well inside the black hole sees waves highly redshifted compared to when they
were emitted, the rest-frame “in” frequencies of relevance are high, requiring a
large number of terms of the series expansion. Near cancelation of many terms
leads to loss of numerical precision. I checked that, for lower frequencies than
those of relevance, the numerical solution of the wave equation agrees with
that computed from the series expansion.
By definition, the phase ψ of a wave ϕν of pure frequency ν in the “in”
frame increases uniformly with proper time in that frame. By constrast an
infaller observing the wave sees the phase changing at a non-uniform rate.
The phase ψ of a wave seen by the infalling observer is defined by
ϕν = |ϕν |e−iψ , (9)
that is, the phase is minus the imaginary part of the logarithm of the wave-
function. The frequency ω observed by the infaller is defined to be
ω ≡ dψ
dτ
. (10)
Figure 5 shows the frequency observed by an infaller for each of two rep-
resentative “in” frequencies ν. The second (red) frequency is a factor e−5/2 ≈
1/12 lower than the first (blue). The actual “in” frequency is indeterminate,
since a wave emitted time t earlier with a frequency eκht higher yields the same
observed frequency ω (as long as the wave was emitted sufficiently long before
it was observed). The top, middle, and bottom panels of Figure 5 show waves
of spin s = 0, 1, and 2, each with the smallest possible angular momentum,
l = s.
The Figure shows that the frequency ω agrees with that calculated in
the high-frequency, geometric-optics limit provided that |ωτ |  1. At lower
frequencies, |ωτ | . 1, the wave ceases to redshift in accordance with the
geometric-optics limit, and instead starts blueshifting, or redshifting more
slowly. This means that the geometric-optics limit is reliable only as long
as the observed frequency ω is higher than the inverse proper time left 1/|τ |
before hitting the singularity. This makes physical sense.
Figure 6 shows the acceleration
κ ≡ −d lnω
dτ
(11)
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Fig. 6 Observed acceleration κ ≡ −d lnω/dτ of the waves whose observed frequency ω are
shown in Figure 5. The solid (dotted where negative) lines show the numerically computed
acceleration κ, while the short dashed lines show the acceleration (4) in the geometric-optics
limit.
of the waves whose frequencies ω are shown in Figure 5. For infallers inside the
true horizon, the observed acceleration κ deviates from the geometric-optics
limit (4). Notwithstanding the excursions from the geometric-optics limit at
intermediate radii, the geometric optics limit sets the approximate characteris-
tic value of the acceleration at all radii. (The acceleration passes through zero
when the observed frequency passes through an extremum; and for s = 2, the
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acceleration also passes through infinity, which happens when the observed
frequency passes through zero, that is, the phase goes through an extremum.)
To the extent that the acceleration sets the characteristic frequency of Hawk-
ing radiation observed by an infaller, the waves expected to dominate Hawking
radiation are those whose observed frequency satisfies the resonance condition
ω ∼ κ. In summary, the waves expected to dominate Hawking radiation are
those satisfying
ω ∼ κ ∼ 1
3|τ | . (12)
The conclusion is that the situation is more complicated than in the geometric-
optics limit, but the geometric-optics limit still sets the characteristic fre-
quency scale of Hawking radiation.
Figure 6 shows that near the singularity the acceleration asymptotes to a
value proportional to 1/|τ |, but with a spin-dependent coefficient,
κ→ 2s− 3
3|τ | . (13)
Equation (13) can be derived analytically from the generic behavior of waves
near the singularity, as shown in Appendix C.6, equation (128). It is worth
noting that the acceleration is negative (blueshifting) or positive (redshifting)
as the spin is less than or greater than 32 . Thus only gravitational waves,
s = 2, continue to redshift near the singularity. For gravitational waves, the
acceleration near the singularity is the same as that in the geometric optics
limit, equation (5).
It should be remarked that the behavior (13) is of subdominant relevance
to Hawking radiation, because, as is apparent from Figures 5 and (6), the
observed frequency where (13) holds is much smaller than the acceleration,
|ω|  |κ|, so the resonance condition |ω| ∼ |κ| is not satisfied. The waves ex-
pected to dominate Hawking radiation near the singularity originate from “in”
frequencies much higher than those shown in Figure 5, such that condition (12)
is satisfied.
6 Energy-momentum tensor
6.1 Trace anomaly
The arguments of §4 have indicated that a freely-falling, non-rotating observer
who falls inside the horizon of a Schwarzschild black hole necessarily sees
Hawking radiation from both the illusory horizon below and the sky above.
The Hawking radiation should contribute a non-zero expectation value 〈Tkl〉
of the energy-momentum, which in turn should back react on the geometry of
the black hole, §7.
Calculating the quantum expectation value 〈Tkl〉 of the energy-momentum
in a curved spacetime is not easy [6,32].
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However, as reviewed by [33], the trace of the expectation value of the
energy-momentum, the so-called trace anomaly, or conformal anomaly, is cal-
culable. On general grounds, the trace anomaly T ≡ gµν〈Tµν〉 must take the
form [33, eq. (21)]
T = αFF + αEE + αRR , (14)
where F is the squared Weyl tensor Cklmn, and E is the Euler density (whose
integral yields the Euler characteristic), which in terms of the Riemann tensor
Rklmn, Ricci tensor Rkl, and Ricci scalar R are
F ≡ RklmnRklmn − 2RklRkl + 13R2 = CklmnCklmn , (15a)
E ≡ RklmnRklmn − 4RklRkl +R2 . (15b)
The coefficients αF , αE , αR in equation (14) depend on the number of particle
species. [33] gives αR =
2
3αF , but different methods of renormalization yield
different results for this coefficient [34,35]. In any case, αR can be adjusted
arbitrarily by adding an R2 term to the Hilbert Lagrangian. For αF and αE ,
[33, eqs. (30) and (31)] states that for massless species
αF =
1
1920pi2
(
n0 + 3n1/2 + 12n1
)
, (16a)
αE = − 1
5760pi2
(
n0 +
11
2 n1/2 + 62n1
)
, (16b)
where n0 is the number of real scalars (1 degree of freedom per scalar), n1/2 is
the number of Majorana spinors (2 helicities per spinor; note [33]’s n1/2 is the
number of Dirac spinors, with 4 helicities per spinor), and n1 is the number
of vector particles (2 helicities per vector).
[36] state that, in theories that are one-loop finite such as ordinary grav-
ity and supergravity, when matter terms in the Lagrangian are included, the
trace anomaly becomes proportional to the Euler term E alone, with overall
coefficient α equal to the sum of αF and αE (see [33, eq. (35)]),
T = (αF + αE)E = αE . (17)
The coefficient α is
α =
qeff
2880pi2
, qeff ≡
∑
s
qsns , (18)
where ns is the number of species of spin s, and qs are spin-dependent coef-
ficients. For massless species, the coefficients qs are [36, Table 2] (counting 1
degree of freedom for each scalar, 2 helicities per species otherwise)
qs = {1, 74 ,−13,− 2334 , 212} for s = {0, 12 , 1, 32 , 2} . (19)
For massive species [36, Table 3] (counting ns = 2s+ 1 degrees of freedom per
species)
qs = {1, 74 ,−12,− 2264 , 200} for s = {0, 12 , 1, 32 , 2} . (20)
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In supergravity there are further contributions to qeff from higher-derivative
scalars, given in Table 1 of [33] (see also [35]).
In a Schwarzschild black hole, the classical Ricci tensor Rkl and Ricci scalar
R vanish, so the only contribution to the trace anomaly is from the squared
Weyl tensor, CklmnC
klmn = 48M2/r6, yielding, if equation (17) is correct,
T = αCklmnC
klmn =
qeff
60pi2
M2
r6
. (21)
[23] were the first to apply the trace anomaly (21), coupled with energy-
momentum conservation (which 〈Tkl〉 should satisfy), and the behavior of
Hawking flux at infinity to derive 〈Tkl〉 outside a Schwarzschild black hole.
However, the trace anomaly, spherical symmetry, conservation of energy-mom-
entum, and asymptotic behavior at infinity are insufficient to determine the
inside energy-momentum tensor uniquely.
The arguments of §4 supply two additional ingredients that resolve the
ambiguity: first, the Hawking energy-momentum becomes isotropic near the
singularity; and second, the Hawking energy-momentum has a power-law be-
havior with proper time τ near the singularity, equation (5). The arguments in-
dicate that the Hawking energy-momentum tensor near the singularity should
approximate an isotropic, relativistic fluid, with energy density going as
ρiso ∼ κ4 ∝ |τ |−4 ∝ M
2
r6
, (22)
and isotropic pressure piso =
1
3ρiso. It is encouraging that the predicted Hawk-
ing energy density (22) depends on mass M and radius r in the same way as
the trace anomaly, equation (21), suggesting a relation between the two.
6.2 Conservation of energy-momentum
The expectation value 〈Tkl〉 of the quantum contribution to the energy-mom-
entum tensor in a curved spacetime must satisfy conservation of energy-mom-
entum [23]. To allow calculation of the back reaction of the energy-momentum
on the spacetime, §7, it is convenient to use the following general form of a
spherically symmetric line-element, a generalization of the Gullstrand-Painleve´
version (102) of the Schwarzschild line-element,
ds2 = − dt2 + 1
β21
(dr − β0 dt)2 + r2do2 . (23)
Through gµν = ηmne
m
µe
n
ν , the line element (23) defines not only a metric
gµν but also a vierbein e
m
µ and associated locally inertial tetrad γm ≡ emµeµ
in terms of the basis of tangent vectors eµ. The tetrad defined by the line
element (23) is locally inertial (γm ·γn = ηmn), and freely falling. The line ele-
ment may be constructed from a general spherically symmetric metric in ADM
form with lapse α (that is, dt → αdt in the line element (23)), and noticing
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that the acceleration of the tetrad frame is β1∂ lnα/∂r, which must vanish if
the tetrad is everywhere in free-fall. Imposing the boundary condition α = 1
at spatial infinity (as permitted by the gauge freedom in the choice of lapse
α) fixes α = 1 everywhere. The coefficients β0 and β1 in the line element (23)
comprise the components of a tetrad-frame 4-vector βm = ∂mr, where ∂m is
the tetrad-frame directed derivative. In the special case of Gullstrand-Painleve´
(i.e. Schwarzschild), β1 equals one, and β0 is minus the Newtonian escape ve-
locity, equation (103) with β0 = β. In general, the coefficients βm could be
functions of time t and radius r. In the present case, the black hole is almost
stationary, and it suffices to consider βm to be functions only of radius r. The
interior (Misner-Sharp) mass M , a scalar, is defined by
1− 2M
r
≡ βmβm = −β20 + β21 . (24)
The advantage of the free-fall line element (23) is first that it remains well-
behaved inside as well as outside the horizon, and second that, according to
the arguments of §4, it is with respect to a free-fall frame that the energy-
momentum tensor of Hawking radiation near the singularity is isotropic.
As originally demonstrated by [23], and further explicated by [24], the
most general spherically symmetric energy-momentum tensor that is quasi-
stationary and covariantly conserved depends on two arbitrary functions R(r)
and P (r) and two constants of integration C+ and C−. The calculation of
covariant conservation of energy-momentum is most elegant when carried out
in a Newman-Penrose double-null tetrad, related to the locally inertial, free-fall
tetrad {γ0,γ1,γ2,γ3} by
γv
u
= 1√
2
(γ0 ± γ1) , γ± = 1√2 (γ2 ± iγ3) . (25)
The Newman-Penrose tetrad-frame components of a spherical, quasi-stationary,
conserved energy-momentum tensor in the free-fall frame satisfy (do not con-
fuse the function R(r) with the Ricci scalar R)
T vv ≡ 12 (ρ+ p) + f
=
(β1 − β0)2
2(β21 + β
2
0)
(R+ P ) +
C+
r2
(
β1
β1 + β0
)2
, (26a)
Tuu ≡ 12 (ρ+ p)− f
=
(β1 + β0)
2
2(β21 + β
2
0)
(R+ P ) +
C−
r2
(
β1
β1 − β0
)2
, (26b)
T vu ≡ 12 (ρ− p)
= 12 (R− P ) , (26c)
T+− ≡ p⊥
=
1
4r
{
β21
β21 − β20
d
dr
[
r2
(β21 − β20)2
β21(β
2
1 + β
2
0)
(R+ P )
]
− d
dr
[
r2(R− P )]} .
(26d)
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The quantities ρ, p, p⊥, and f are the proper energy density, radial pressure,
transverse pressure, and energy flux in the free-fall frame. If the constants C+
and C− both vanish, then R = ρ is the energy density, and P = p is the radial
pressure. Finiteness of the outgoing energy flux T vv at the horizon, where
β0 + β1 = 0, forces the constant C
+ to vanish,
C+ = 0 . (27)
The Einstein tensor corresponding to the line element (23) satisfies Gvv/Guu =
(β0−β1)2/(β0 +β1)2, which would then seem to imply that the constants C+
and C− must be the same (hence zero, since C+ = 0). But this conclusion is an
artifact of taking the line element (23) to be exactly stationary, which would
prohibit a net radial flux of energy. In the situation under consideration, the
spacetime is almost but not exactly stationary, and a net radial flux of energy
is permitted, that is, C− can be non-zero.
In §7, β0 and β1 will be solved using the Einstein equations to determine
the back reaction of 〈Tkl〉 on the geometry. Until then, let the back reaction
be ignored, so that the geometry is Schwarzschild, where β1 = 1 and β0 =
−√2M/r.
In the Schwarzschild spacetime, the trace anomaly is proportional to r−6,
equation (21). Imposing isotropy, p⊥ = p, and keeping only terms behaving as
r−6 as r → 0, equations (26) imply that the conserved energy density ρ and
pressure p in the free-fall frame are, in terms of the trace anomaly T ,
{ρ, p} = { 18T, 38T} . (28)
It has been argued above, equation (22), that the energy-momentum must
include a Hawking component, an isotropic relativistic fluid, necessarily with
zero trace. Equation (28) shows that such a relativistic fluid by itself does
not satisfy energy-momentum conservation in the Schwarzschild geometry, so
some other component of energy-momentum must also be present. A plausible
additional component — perhaps the only plausible additional component — is
vacuum energy, which has an isotropic equation of state with pressure equal to
minus energy density, pvac = −ρvac. Only the vacuum component contributes
to the trace anomaly. Equation (28) can be accomplished by a sum of isotropic
Hawking and vacuum components with
ρiso = 3ρ =
3
8T , ρvac = −2ρ = − 14T . (29)
If the trace anomaly T is positive, then the Hawking component has posi-
tive energy ρiso, while the vacuum component has negative energy ρvac. The
physical interpretation is that Hawking particles acquire their energy from the
vacuum, which decays to lower energy. The picture is reminiscent of reheat-
ing following inflation in cosmology, where vacuum energy decays to particle
energy, releasing entropy.
If this interpretation is correct, then equation (29) with the anomaly (21)
implies that the energy density of Hawking radiation near the singularity is
ρiso =
qeff
160pi2
M2
r6
. (30)
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Now the anomaly coefficient qeff depends on the particle content of the theory,
including not only massless but also massive particles, equations (19) and (20)
(M. J. Duff, private communication 2016, confirms this statement). [33, Ta-
ble 1] notes that qeff vanishes in maximal (N = 8) supergravity in 4 spacetime
dimensions with all particles taken massless. Unfortunately, absent a knowl-
edge of the correct theory of everything, determining what qeff actually is in
reality is elusive.
Instead I follow the lead of [23], asking what value of qeff is required in order
to reproduce the correct flux of Hawking radiation at infinity. The Hawking
flux at infinity should look like an outgoing flux of relativistic particles, de-
caying as f → r−2 as r →∞. The only such solution to equations (26) (given
that C+ = 0 to ensure finiteness at the horizon) is one with C− non-vanishing,
which gives
f = − C
−
2
(
r +
√
2Mr
)2 as r →∞ . (31)
The coefficient C− must be negative to ensure that the flux of energy is pointed
away from the black hole. The density and pressure associated with the solu-
tion (31) (with R = P = 0) satisfy ρ = p = −f (and p⊥ = 0), whereas an
outgoing flux of relativistic particles should have
ρ = p = f as r →∞. (32)
Therefore it is necessary to adjoin an additional traceless solution of equa-
tions (26) satisfying ρ = p → −C−/r2 as r → ∞. Such a solution exists,
equation (134).
As [23] point out, because the emitting disk of the black hole is finite,
the transverse pressure p⊥ should fall off as r−4 at infinity. The black hole
can be thought of as a fuzzy emitting disk, with effective area 〈r2•〉 and r2-
weighted area 〈r4•〉 as seen from afar. The dimensionless constants a and b may
be defined by
〈r2•〉 ≡ aM2 ,
〈r4•〉
〈r2•〉
≡ bM2 . (33)
In the high-frequency, geometric-optic limit, the black hole is a uniformly
emitting disk of radius 3
√
3M , so the effective area and r2-weighted areas
would be 〈r2•〉 = 27piM2 and 〈r4•〉 = 〈r2•〉2, implying a = b = 27pi. In general,
the effective area should lie somewhere between zero and the geometric-optics
limit, and 〈r4•〉 ≤ 〈r2•〉2, implying
0 < a ≤ 27pi , 0 < b ≤ a . (34)
The radial and transverse pressures should fall off with radius as
p ∝ 〈r
2
•〉
r2
, p⊥ ∝ 〈r
4
•〉
r4
,
p⊥
p
→ bM
2
r2
as r →∞ . (35)
Finally, there is a question of how rapidly the Hawking radiation deviates
from isotropy near the singularity. Anisotropy in the pressure arises from a
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concentration of Hawking radiation above and below relative to transverse
directions. Figure 4 suggests that the concentration of Hawking radiation from
the sky above is comparable to that from the illusory horizon below. If the
black hole and sky are modeled as fuzzy disks of effective angular radius χeff of
the order of, perhaps slightly smaller than, the angular size χedge of the black
hole, equation (8), then
χeff ≈ pi
2
− e
√
r
2M
, (36)
where e is some constant of order, perhaps slightly greater than, unity. If so,
then the ratio p/ρ of radial pressure to energy density is
p
ρ
≈ 1
3
(
1− cos3χeff
1− cosχeff
)
≈ 1
3
(
1 + e
√
r
2M
)
. (37)
Solutions exist for the conserved energy-momentum that satisfy equa-
tions (26) and all the conditions imposed so far, namely the trace anomaly
condition (21), the asymptotic flux conditions (31) and (32), the asymp-
totic transverse-to-radial pressure condition (35), isotropy near the singular-
ity, anisotropy near the singularity growing as (37), and the condition that
the energy-momentum be that of a relativistic gas of Hawking radiation plus
vacuum energy. The last condition implies that only the vacuum contributes
to the trace of the energy-momentum. The solutions are, aside from the flux
term (31), sums of integral and half-integral powers of inverse radius r. The so-
lution for the energy-momentum equals a sum of four components, the Hawk-
ing flux component determined by equation (31), an anisotropic relativistic
component, an isotropic relativistic component, and a vacuum component,
{ρ, p, p⊥} = ρflux{1, 1, 0}+ ρaniso{1, 1, 0}+ ρiso{1, 13 , 13}+ ρvac{1,−1,−1} .
(38)
The energy densities of the 4 components are
ρflux = −fflux = −ρ0 cM
2(
r +
√
2Mr
)2 , (39a)
ρaniso = ρ0
(
2cM2
r2
+
12cM3
r3
+
2c(20− b)M4
r4
(39b)
− 243eM
9/2
14
√
2 r9/2
+
6(72c− 5)M5
r5
+
27eM11/2√
2 r11/2
)
,
ρiso = ρ0
(
3bcM4
r4
+
405eM9/2
14
√
2 r9/2
+
18(3− 32c)M5
r5
− 243eM
11/2
7
√
2 r11/2
+
18M6
r6
)
,
(39c)
ρvac = −ρ0 12M
6
r6
, (39d)
where ρ0 is the constant
ρ0 ≡ α
M4
, (40)
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with α the anomaly coefficient given by equation (18). The constant b is de-
termined by equation (35), the constant e by equation (36), and the negative
constant C− in the flux component (31) has been replaced by −2ρ0c with
c a positive constant. The fact that the vacuum component is proportional
to the trace anomaly (that is, it has only an r−6 part) is a consequence of
the assumption that all energy-momenta other than the vacuum are relativis-
tic, therefore traceless. The energy flux contributed by the anisotropic and
isotropic relativistic components is (the flux contributed by the vacuum is
zero)
faniso+iso =
√
2Mr
r + 2M
(ρ+ p)aniso+iso , (41)
which falls off as f ∝ r−5/2 as r →∞, so does not contribute to the asymptotic
flux at infinity. The only contributor to the flux at infinity is ρflux, for which
the asymptotic flux is
f → fflux → ρ0cM
2
r2
as r →∞ . (42)
The different behavior of the energy fluxes fflux and faniso is the reason for
distinguishing the flux and anisotropic components ρflux and ρaniso despite
their having the same equation of state {ρ, p, p⊥} ∝ {1, 1, 0}.
[24] has emphasized that the flux fflux of energy over the horizon is an
ingoing flux of negative energy (C− = −2ρ0c is negative). There appear to
be other contributions to the flux from equations (26), namely equation (41),
but the latter contributions are associated with the fact that the tetrad frame
is infalling, and an infaller will see an apparent outward flux even when the
energy-momentum tensor is stationary. That the contributions (41) do not
correspond to a real outward flux follows from the fact that for a strictly
stationary spacetime the ratio of outgoing to ingoing energy densities would
be T vv/Tuu = (β0−β1)2/(β0 +β1)2, which the R+P terms in equations (26a)
and (26b) satisfy, but the C− term does not (given that C+ = 0). This is
another reason to distinguish the flux and anisotropic components ρflux and
ρaniso: only the former yields a genuine non-stationary flux of radiation.
Figure 7 shows the radiation and vacuum densities from equations (39).
The radiation density goes smoothly from being highly anisotropic at large
radii to isotropic at small radii. This is consistent with the arguments of §4,
which indicate that the Hawking radiation is isotropic near the singularity,
but lop-sided further out, the Hawking radiation from the sky being less than
the Hawking radiation from the illusory horizon.
Strictly, the solution (39) for the energy-momentum holds only as long as
the anomaly coefficient qeff defined by equation (18) is constant. However, the
solution should be a good approximation provided that qeff varies slowly with
r.
It should be commented that there are other solutions for conserved energy-
momentum satisfying equations (26) that are not integral or half-integral pow-
ers of radius, equations (134), but these solutions are independent of the inte-
gral or half-integral power-law solutions (39), and are not needed here. These
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Fig. 7 Energy densities of radiation ρflux + ρaniso + ρiso (solid red line) and vacuum ρvac
(long-dashed black line) given by equations (39), in units of ρ0 defined by equation (40), as
a function of radius r in units of M . The radiation density is positive, while the vacuum
energy is negative. Also shown are the isotropic radiation density ρiso (dashed magenta line),
which is positive, and the non-stationary energy flux fflux (solid blue line), which is positive
(directed outward) and equal to minus ρflux. The adopted values of the constants b, c, and
e in equations (39) are b = 10, c = 5
72
, and e = 1. The vertical dotted line marks the true
horizon.
other power-law solutions would be needed if the anomaly coefficient qeff were
not constant, but rather some other power of radius. More generally, one would
expect that energy-momentum-conserving solutions would exist for any arbi-
trarily varying anomaly coefficient qeff.
The asymptotic Hawking flux (42) is proportional to the product of the
anomaly coefficient qeff and the constant c. To relate qeff to the asymptotic
Hawking flux, a value of c is needed. A plausible constraint is that the r−5
contribution to the Hawking radiation should range between being maximally
isotropic (r−5 contribution to ρaniso vanishes) to maximally anisotropic (r−5
contribution to ρiso vanishes), which imposes
0.069 =
5
72
≤ c ≤ 3
32
= 0.094 . (43)
The asymptotic Hawking flux (42) should be equal to a thermal flux of
radiation at the Hawking temperature 1/(8piM),
f → neffpi
2
30
aM2
4pir2
(
1
8piM
)4
, (44)
where neff is the effective number of relativistic particle species,
neff =
∑
s
gsns , (45)
with gs the number of helicity states per species, which is gs = 1 for real
scalars, and gs = 2 for s ≥ 12 . The calculation of the effective number neff of
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relativistic species is familiar from cosmology, at least up to energies ∼ 1 TeV
accessible to experiment [37]: neff varies from 4 (2 helicities for each of photons
and gravitons) at the lowest energies (if there are no massless neutrinos), up to
neff = 2(14 +
7
845) = 106.75 at ∼ 1 TeV. In the low energy regime where only
photons and gravitons are massless, as appropriate outside an astronomical
black hole,
neff = 4 . (46)
[38] gives effective areas as for spins
1
2 , 1, and 2, and [25] for spin 0,
as = {14.26, 18.05, 6.492, 0.742}pi for s = {0, 12 , 1, 2} . (47)
For only photons and gravitons massless, the effective dimensionless area a is
then, at low energies,
a =
∑
s gsnsas∑
s gsns
=
14.468pi
4
= 3.617pi . (48)
Equating the asymptotic Hawking flux (42) to the thermal flux (44) yields a
value for the low-energy anomaly coefficient qeff,
qeff =
3neffa
512pic
≈ 1 , (49)
with values ranging over qeff = 1.22 to 0.90 for c =
5
72 to
3
32 , equation (43). The
inferred value (49) of qeff seems surprisingly small given the typically “large”
values of the spin-dependent coefficients qs given by equations (19) and (20).
As remarked after equation (30), the anomaly coefficient qeff, equation (18),
should be summed over all particle species, not only massless but also massive.
As emphasized by [33], qeff vanishes in maximal (N = 8) supergravity with all
particles treated as massless. But at low energies only photons and gravitons
(and possibly one generation of neutrinos) are massless, and it is far from clear
what qeff should be in this regime. Here I leave the difficulty alone, and simply
proceed on the assumption that the estimate (49) of qeff is correct.
With the value (49) of qeff in hand, it is possible to estimate the ratio of
the predicted Hawking energy-density ρiso near the singularity to that of a
relativistic thermal gas at temperature κ/(2pi), with κ given by the geometric-
optics value (5),
ρth =
neffpi
2
30
( κ
2pi
)4
→ neff
1920pi2
M2
r6
as r → 0 . (50)
The ratio of Hawking (30) to thermal energy (50) is
ρiso
ρth
=
12qeff
neff
as r → 0 . (51)
Near the singularity, particles besides photons and gravitons will become rel-
ativistic, and neff will increase correspondingly. But if it is assumed (ad hoc)
that qeff ∝ neff, then qeff/neff is independent of energy, and
ρiso
ρth
≈ 3 as r → 0 , (52)
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with values ranging from ρiso/ρth = 3.7 to 2.7 for qeff = 1.22 to 0.90 corre-
sponding to c = 572 to
3
32 , equation (43). By comparison, in 1+1 dimensions
the ratio of Hawking to thermal density is 3 with no adjustable parameters,
equation (73). As emphasized in §4, Hawking radiation is expected to be non-
thermal near the singularity, because the acceleration κ seen by an infaller
is time-varying rather than constant. Equation (52) suggests that the density
of Hawking radiation is of the order of a few times the density of a ther-
mal distribution at temperature κ/(2pi), which is not wholly unreasonable.
The low value of qeff, equation (49), inferred from consistency between the
trace anomaly and the Hawking flux at infinity is crucial here: if qeff/neff were
much larger, then the Hawking energy density near the singularity would sub-
stantially exceed the energy density of a thermal distribution with the same
characteristic energy, which would be hard to explain.
7 Back reaction
In the previous section §6.1, the calculation of the expectation value 〈Tkl〉 of
the energy-momentum ignored the back reaction of that energy-momentum
on the Schwarzschild geometry.
As long as densities or curvatures have not yet hit the Planck scale, the
back reaction can be calculated using the classical Einstein equations. In a
spherically symmetric spacetime, 2 of the 4 Einstein equations are redundant
with energy-momentum conservation, and may therefore be discarded. The
remaining 2 Einstein equations may be taken to be, in the free-fall tetrad
defined by the line-element (23),
dβ0
dτ
= −M
r2
− 4pirp , (53a)
dβ1
dτ
= 4pirf , (53b)
where M is the interior mass (24). The coefficient β0 equals the rate of change
dr/dτ of the radius r with respect to proper time τ in the infalling tetrad-
frame, so the first Einstein equation (53a) is an equation for the radial ac-
celeration dβ0/dτ = d
2r/dτ2 of the tetrad frame (the tetrad frame is by con-
struction freely-falling; what is accelerating here is the radial coordinate r).
Equation (53a) says that the radial acceleration is the sum of a term −M/r2
which looks like the ordinary Newtonian gravitational attraction, and a term
−4pirp proportional to the radial pressure p. Together β0 and β1 form the com-
ponents of a tetrad vector βm = ∂mr. The second Einstein equation (53b) gives
an equation for the second component β1 of the tetrad vector. The equation
states that dβ1/dτ is proportional to the energy flux f .
The Einstein equations (53) are valid for any spherically symmetric space-
time, stationary or otherwise. For a large black hole, it is an excellent ap-
proximation to treat the spacetime as stationary, in which case dβm/dτ =
β0 dβm/dr. The only non-stationary term in the energy-momentum (26) is the
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Fig. 8 (Left) Interior mass M , and (right) energy densities ρiso of radiation and ρvac of
vacuum when the back reaction of the quantum energy density on the geometry is taken into
account. The radiation density ρiso is positive, while the vacuum energy ρvac is negative. The
densities are multiplied by r3.6 to bring out the fact that they diverge as ρ ∝M/r3 ∝ r−3.6
once back reaction sets in. The anomaly coefficient α defined by equation (17) has units of
inverse density (given in Planck units by equation (18)). The density ρ plotted here is in
units of the characteristic density 1/α at which back reaction sets in. The plotted radius r
is in units of the characteristic radius (αM)1/3 at which back reaction sets in.
C− term (given that C+ must vanish, equation (27)), but it is safe to drop this
term since it is proportional to r−2 and therefore becomes negligible compared
to the r−6 terms near the singularity. If the C− term is neglected, then the
flux f is related to the energy density ρ and pressure p by
f = −β0β1(ρ+ p)
β20 + β
2
1
, (54)
which is positive since β0 is negative.
Following the arguments of §4, I assume that the energy-momentum near
the singularity is isotropic in the free-fall frame,
p⊥ = p . (55)
Following [36], I assume that the trace anomaly is sourced solely by the Eu-
ler density E, equation (17), with for simplicity constant coefficient α. In an
arbitrary spherical spacetime, the Euler density E is
E ≡ 48C2 − 2RklRkl + 23R2 , (56)
where the Weyl scalar C, Ricci tensor squared RklR
kl, and Ricci scalar R are
C ≡ 12Cvuvu =
4pi
3
(ρ− p+ p⊥)− M
r3
, (57a)
RklR
kl = (8pi)2(ρ2 + p2 + 2p2⊥ − 2f2) , (57b)
R = 8pi(−ρ+ p+ 2p⊥) . (57c)
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In summary, the equations to be solved to determine the back reaction of
the quantum energy-momentum are the Einstein equations (53), the energy
conservation equation (26d) with the isotropic equation of state (55), the flux
equation (54) (which is also a consequence of energy-momentum conservation),
and the trace anomaly equation (17) with Euler density (56).
Unsurprisingly, the quantum back-reaction becomes important when the
energy density and curvature squared, both of which are diverging as M2/r6
near the singularity, reach the Planck scale. At that point the proper time |τ |
left to hit the singularity is also about a Planck time, but the radius, which
goes as r ∝M1/3τ2/3, is still much larger than a Planck length for a black hole
of astronomical mass M (10 solar masses = 1039 Planck masses). Of course,
a classical calculation of the back reaction should no longer be trusted when
the density and curvature reach the Planck scale, but still it is useful to carry
out the calculation to see what happens.
Figure 8 shows the interior mass M , equation (24), scaled to the mass
M• of the black hole at infinity, and the radiation and vacuum densities ρiso
and ρvac, when the back reaction of the density on the geometry is taken
into account. One might have thought that the overall positive energy density
near the singularity might reduce the interior mass M , but the opposite is the
case. In the Schwarzschild regime, the interior mass M equals the mass M• at
infinity, but once back reaction sets in, the interior mass starts to increase as
M ∝ r−0.6 . (58)
The vierbein coefficients βm satisfy
β0 = −
√
2M
r
, β1 ≈ M
M•
. (59)
More precisely, the vierbein coefficient β1 varies smoothly from β1 = M/M• at
r  (αM)1/3 to β1 = 0.8M/M• at r  (αM)1/3. Because β0 is so much larger
than β1, the approximation β0 = −
√
2M/r is very well satisfied. Thanks to
the increasing interior mass, the infall velocity β0 of the free-fall frame diverges
even faster than in Schwarzschild, as β0 ∝ r−0.8. After back reaction sets in,
the densities of radiation and vacuum diverge as M/r3, which is more slowly
than the r−6 of the Schwarzschild regime,
ρ ∝ M
r3
∝ r−3.6 . (60)
The ratio ρvac/ρiso of vacuum to radiation density is − 23 before back reaction
sets in, and − 13 after back reaction sets in.
The fact that the back reaction hardens rather than softens the singularity,
in the sense that the back reaction causes the infall velocity β0 of the free-fall
frame to diverge even faster, can be traced to the Einstein equations (53).
The right hand side of the evolution equation (53a) for β0 shows that β0
must increase inward (become more negative) as long as the interior mass M
and radial pressure p are positive. In the present case the radial pressure p is
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sourced by isotropic Hawking radiation, which has positive pressure, and by
vacuum energy, which also has positive pressure as long as the trace anomaly
is positive and therefore the vacuum energy is negative. The right hand side of
the evolution equation (53b) for β1 depends on the energy flux f , equation (54).
The flux f is sourced only by Hawking radiation, not by vacuum energy, which
has ρ + p = 0. The flux is suppressed by a factor of ∼ 1/β0 compared to the
density ρ or pressure p, so β1 evolves more slowly than β0. Thus the evolution
of the interior mass M is dominated by the evolution of β0. The result is that
the interior mass M starts to increase once the pressure term on the right
hand side of the evolution equation (53a) becomes comparable to the mass
term. The increase of interior mass is inevitable as long as the radial pressure
p is positive, as here.
The conclusion is that, at the classical level, the back reaction of quantum
energy-momentum on the singularity in no way softens the singularity or in
any way alleviates the inevitability of singularities in general relativity. A
resolution of the singularity of a Schwarzschild black hole requires a full theory
of quantum gravity.
8 1+1 dimensions
As a check on the analysis of this paper, it is useful to see what happens in
1+1 dimensions.
General relativity is weird in 2 spacetime dimensions. In 2 spacetime dimen-
sions, the Einstein tensor vanishes identically, and the usual Einstein equations
relating curvature to energy-momentum do not hold. Extensions of general rel-
ativity, such as dilaton gravity [39], are however well-defined in 2 spacetime
dimensions.
Notwithstanding the shortcomings of general relativity in 2 spacetime di-
mensions, models in 2 dimensions have historically been treated extensively
because they admit an exact calculation of the expectation value 〈Tkl〉 of
the quantum contribution to the energy-momentum associated with any pre-
scribed geometry [7].
8.1 Quantum energy-momentum in 1+1 dimensions
By a suitable coordinate transformation of the two coordinates, the line ele-
ment in 1+1 dimensions can be taken to have the conformally flat form
ds2 = −e2ξdvdu , (61)
where v and u are null coordinates, and ξ is some function of the two coordi-
nates. The trace anomaly in 2 spacetime dimensions is [7, eq. (6.121)]
T = αR , α ≡ qeff
24pi
, (62)
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where qeff = 1 for a single minimally-coupled massless scalar field. Energy-
momentum conservation then determines the remaining two components of
the energy-momentum up to two arbitrary functions. The arbitrary functions
are associated with residual gauge freedoms that leave the line element in
conformally flat form, namely transformations ξ → ξ + ξ+(u) + ξ−(v) of the
conformal function ξ. The Newman-Penrose tetrad-frame components of the
energy-momentum are1
T vv = 4α e−2ξ
[
∂2ξ
∂u2
−
(
∂2ξ
∂u2
)2
+ f+(u)
]
, (63a)
Tuu = 4α e−2ξ
[
∂2ξ
∂v2
−
(
∂2ξ
∂v2
)2
+ f−(v)
]
, (63b)
T vu = − 12T = − 12αR = −4α e−2ξ
∂2ξ
∂v∂u
, (63c)
where f+(u) and f−(v) are some functions of the null coordinates u and v.
8.2 Schwarzschild analog in 1+1 dimensions
Now restrict to the case where the line element (61) is quasi-stationary, mean-
ing that the conformal function ξ is a function only of the radial coordi-
nate r, not of the time coordinate t. If the line element is taken to have
the Gullstrand-Painleve´ form (23), with β0 and β1 functions only of radius r,
then the Newman-Penrose tetrad-frame components of the energy-momentum
tensor (63) in the free-fall frame satisfy (R here is the Ricci scalar)
T vv =
(
β1
β1 + β0
)2{
α
[
β30
β21
∂
∂r
(
β1
∂
∂r
β0
β1
)
− R
2
]r
hor
+ C+
}
, (64a)
Tuu =
(
β1
β1 − β0
)2{
α
[
β30
β21
∂
∂r
(
β1
∂
∂r
β0
β1
)
− R
2
]r
hor
+ C−
}
, (64b)
T vu = − 12αR = −αβ1
∂
∂r
(
β0
∂
∂r
β0
β1
)
, (64c)
where C+ and C− are constants. The condition that T vv be finite at a horizon,
where β1 + β0 = 0, imposes C
+ = 0. If the geometry were exactly stationary,
then the C− term in Tuu would also vanish. But the geometry is not exactly
stationary in the situation being considered, because the black hole is slowly
losing energy in Hawking radiation. The value of the constant C− is determined
by the requirement that the flux at infinity be purely outgoing. Note that
equations (26a)–(26c) hold in 1+1 dimensions with C±/r2 → C±.
1 The energy-momenta (63) are tetrad-frame components, whereas coordinate-frame com-
ponents are commonly quoted in the literature. Covariant coordinate-frame energy-momenta
Tκλ (or contravariant T
κλ) are equal to tetrad-frame energy-momenta multiplied by the
conformal factor e2ξ (or e−2ξ).
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In the particular case of the Schwarzschild geometry, where β1 = 1 and
β0 = −
√
2M/r, equations (64) reduce to
T vv = ρ0
(
1 +
√
2M
r
)2(
1 +
4M
r
+
12M2
r2
)
, (65a)
Tuu = ρ0
(
1 +
√
2M
r
)−2(
− 32M
3
r3
+
48M4
r4
)
, (65b)
T vu = −ρ0 32M
3
r3
, (65c)
where ρ0 is the constant
ρ0 =
α
16M2
=
qeff
384piM2
. (66)
The choice C+ = 0 ensures that the outgoing energy-momentum T vv is finite
at the horizon. The choice C− = −ρ0/2 ensures no ingoing energy-momentum
at infinity, Tuu → 0 as r →∞.
Analogously to equation (38), the energy-momentum may be expressed as
a sum of a non-stationary Hawking flux component ρflux, a stationary Hawking
component ρstat, and a vacuum component ρvac,
{ρ, p} = ρflux{1, 1}+ ρstat{1, 1}+ ρvac{1,−1} . (67)
The energy densities of the 3 components are
ρflux = −fflux = −ρ0 1
2
(
1 +
√
2M/r
)2 , (68a)
ρstat = ρ0
(
1 +
2M
r
)(
1 +
4M
r
+
12M2
r2
)
, (68b)
ρvac = −ρ0 32M
3
r3
. (68c)
As in equation (41), the energy flux contributed by the stationary component
is
fstat =
√
2Mr
r + 2M
(ρ+ p)stat , (69)
which tends to zero at infinity. The energy flux in the stationary component is
non-zero because the frame is that of a free-falling observer, who sees a finite
outgoing flux where a stationary observer would see zero flux.
Figure 9 shows the radiation and vacuum densities from equations (68).
As in 3+1 dimensions, the radiation density goes smoothly from being highly
anisotropic at large radii to isotropic at small radii.
As in 3+1 dimensions, the Hawking energy ρflux + ρstat is everywhere pos-
itive, while the vacuum energy ρvac is everywhere negative. But whereas the
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Fig. 9 Similar to Figure 7 but in 1+1 rather than 3+1 spacetime dimensions. Energy
densities of radiation ρflux + ρstat (solid red line) and vacuum ρvac (long-dashed black line)
given by equations (68), in units of ρ0 defined by equation (40), as a function of radius r
in units of M . The radiation density is positive, while the vacuum energy is negative. Also
shown is the non-stationary energy flux fflux (solid blue line), which is positive (directed
outward) and equal to minus ρflux. The vertical dotted line marks the true horizon.
total energy density near the singularity in 3+1 dimensions was positive, equa-
tions (29), the total energy density ρ = ρstat +ρvac near the singularity in 1+1
dimensions is negative,
ρstat = −3ρ = 38T , ρvac = 4ρ = − 12T . (70)
The total energy ρflux + ρstat + ρvac goes through zero at r ≈ 0.36M .
8.3 Comparison between 1+1 and 3+1 dimensions
The asymptotic Hawking flux (68a) equals a thermal flux of radiation at the
Hawking temperature 1/(8piM),
fflux → neffpi
12
(
1
8piM
)2
=
neff
768piM2
=
ρ0
2
. (71)
It is notable that in 1+1 spacetime dimensions the calculation of the asymp-
totic flux of Hawking radiation from the trace anomaly yields the correct value
with no adjustable parameters, as first pointed out by [13].
Equations (4)–(6) for the acceleration κ0 on the illusory horizon below and
on the sky above hold in 1+1 dimensions. Analogously to equation (50) in
3+1 spacetime dimensions, the thermal energy-density of Hawking radiation
in 1+1 dimensions associated with the characteristic acceleration is
ρth =
neffpi
6
(κ0
2pi
)2
→ neffM
48pir3
= 8ρ0
M3
r3
as r → 0 . (72)
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By comparison the actual Hawking density near the singularity from equa-
tion (68b) is ρstat → 24ρ0M3/r3 as r → 0. Thus the Hawking density near the
singularity is 3 times that predicted by the thermal approximation,
ρstat
ρth
= 3 as r → 0 . (73)
Interestingly, this is the same ratio estimated in 3+1 dimensions, equation (52).
As emphasized in the 3+1 case, Hawking radiation is expected to be non-
thermal near the singularity because the acceleration seen by an infaller is
time-varying rather than constant.
[15] argued that the calculation of the quantum energy-momentum in
1+1 dimensions should be extrapolated to 3+1 dimensions by multiplying
by 1/(4pir2). If so, the quantum energy-momentum in 3+1 dimensions would
diverge as M/r5 near the singularity. The results obtained in the present pa-
per indicate that this simple argument is incorrect. The correct extrapolation
is to interpret the acceleration κ as the characteristic frequency of Hawking
radiation near the singularity, in which case the quantum energy density in
1+1 dimensions diverges near the singularity as κ2 ∼ M/r3, and in 3+1 di-
mensions as κ4 ∼ M2/r6, consistent in both cases with the behavior of the
trace anomaly.
In 1+1 dimensions as in 3+1 dimensions, the non-stationary component
ρflux of the quantum energy-momentum is an ingoing flux of negative energy,
a point emphasized by [24].
9 Summary and conclusions
It has been argued that from any observer’s perspective, whether outside or
inside the true (future event) horizon, the boundary of a black hole, the bound-
ary that separates what an observer can see from what they cannot see, is not
the true horizon, but rather the illusory horizon [26], the dimming, redshift-
ing surface of the star or whatever collapsed into the black hole long ago. An
observer who falls inside the true horizon continues to see the illusory horizon
ahead of them, still dimming and redshifting away. Since the illusory horizon is
the perceived boundary of the observer’s spacetime, the illusory horizon must
also be the source of Hawking radiation from the black hole. Once it is ac-
cepted that the illusory horizon is the source of Hawking radiation, it becomes
possible to calculate Hawking radiation seen by an observer inside the true
horizon.
Brute-force calculations either of Hawking radiation seen by an infaller, or
of the expectation value of the quantum energy-momentum inside a Schwarz-
schild black hole, have to date proved prohibitively difficult, e.g. [6,18]. I have
therefore resorted to simpler arguments to infer Hawking radiation inside a
Schwarzschild black.
The classic calculation of Hawking radiation from a horizon shows that
the Hawking radiation is thermal, with a temperature equal to 1/(2pi) times
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the acceleration (gravity) κ at the horizon. The acceleration equals the rate at
which matter falling through the horizon appears to redshift. I therefore start
by calculating the acceleration κ at the illusory horizon seen by a freely-falling,
non-rotating observer. A freely-falling observer accelerates away from the sky
above as they fall, so an infaller should also see Hawking radiation from the
sky above. In §4, the acceleration on the illusory horizon below and in the
sky above is calculated in the geometric-optics limit, which should be valid for
Hawking radiation at high frequencies. Remarkably, near the singularity the
acceleration becomes isotropic, the same in all directions, both on the illusory
horizon below and in the sky above. Moreover the acceleration diverges in
a power-law fashion near the singularity, the acceleration going as one third
the inverse proper time |τ | left to hit the singularity, κ → 1/(3|τ |) ∝ r−3/2,
equation (5). The Hawking radiation seen by an observer depends on their
motion (for example, if they accelerate or rotate), but there is no observer who
can move in such a way as to eliminate Hawking radiation altogether. Thus
regardless of details, the robust conclusion is that the interior of the black hole
must contain Hawking radiation that contributes an energy-momentum that
near the singularity is isotropic and diverging as ρ ∝ κ4 ∝ r−6.
In §5 the wave equation in the Schwarzschild geometry is solved numerically
to confirm that the geometric-optics limit holds as long as the “out” frequency
ω at which a wave of pure “in” frequency is being observed is larger than the
inverse time left to hit the singularity, |ωτ |  1.
§6.1 follows the pioneering work of [23], who pointed out that it is pos-
sible to constrain the expectation value of the quantum energy-momentum
tensor in the Schwarzschild black hole by imposing conservation of energy-
momentum, invoking the known value of the trace of the quantum energy-
momentum (known as the trace anomaly, or conformal anomaly), and requir-
ing that the energy-momentum go over to the known Hawking flux far from
the black hole. [23] applied their arguments to calculate the quantum energy-
momentum near and outside the horizon, but did not discuss the interior of the
black hole, perhaps because they chose to work in a coordinate rest frame (as
opposed to a free-fall frame), perhaps because the physical arguments were
insufficient to constrain the inside energy-momentum. The additional infor-
mation gained in the present paper, that the Hawking radiation is isotropic
and going as ρ ∝ r−6 in a free-fall frame near the singularity, suffices to fix
the quantum energy-momentum throughout the Schwarzschild spacetime. En-
couragingly, the trace anomaly, which is proportional to the Weyl curvature
squared, diverges as r−6 consistent with the predicted behavior of the Hawking
radiation.
The energy-momentum near the singularity proves to be a sum of an
isotropic, relativistic fluid of Hawking radiation, and a vacuum component
with negative energy density. The ratio of vacuum to Hawking energy density
is − 23 , so the net energy density is positive near the singularity. This makes
physical sense: the Hawking radiation diverging as r−6 near the singularity is
acquiring its energy from the vacuum, which itself goes into deficit.
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§7 uses the classical Einstein equations to calculate the back reaction of the
quantum energy-momentum on the Schwarzschild geometry. The back reaction
serves merely to exacerbate the singularity, in the sense that the back reaction
causes the infall velocity of a freely-falling frame to diverge even faster than it
already does in the Schwarzschild geometry. Thus the back reaction calculated
at the classical level does not resolve the fundamental problem of singularities
in general relativity. To resolve the singularity of a Schwarzschild black hole,
a full theory of quantum gravity is required.
§8 shows that all the results derived for 3+1 dimensions in this paper are
consistent with known results in 1+1 dimensions [7].
The results of this paper raise many questions which it is beyond the scope
of this paper to address: what are the implications for generalized thermo-
dynamics, or for the information paradox, or holography, or string theory, or
quantum gravity in general?
Appendices
A Penrose coordinates
The tortoise, or Regge-Wheeler [40], coordinate r∗ is defined by
r∗ ≡
∫
dr
1− 2M/r = r + 2M ln
∣∣∣ r
2M
− 1
∣∣∣ . (74)
Kruskal-Szekeres [41,42] coordinates rK and tK are defined by
rK + tK = 2M exp
(
r∗ + t
4M
)
,
rK − tK = ±2M exp
(
r∗ − t
4M
)
,
(75)
where the ± sign in the last equation is + outside the horizon, − inside the horizon. Penrose
time and space coordinates tP and rP can be defined by any conformal transformation
rP ± tP = f(rK ± tK) (76)
for which f(z) is finite as z → ±∞. The transformation (76) brings spatial and temporal
infinity to finite values of the coordinates, while keeping infalling and outgoing light rays at
45◦ in the spacetime diagram. It is common to draw a Penrose diagram with the singularity
horizontal, which can be accomplished by choosing the function f(z) to be odd, f(−z) =
−f(z). The Penrose dagrams in Figure 1 adopt
f(z) =
2
pi
tan−1z . (77)
Different choices of the odd function f(z) leave the Penrose diagrams of Figure 1 qualitatively
unchanged.
B Classical acceleration perceived by an infaller
The Schwarzschild metric in polar coordinates xµ ≡ {t, r, θ, φ} is (units c = G = 1)
ds2 = −∆dt2 +∆−1dr2 + r2(dθ2 + sin2θ dφ2) , (78)
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where ∆ is the horizon function
∆ ≡ 1− 2M/r , (79)
whose vanishing defines the horizon, the Schwarzschild radius at r = 2M .
The radially infalling observer is conveniently taken to be at the pole θ = 0. Light
rays from an emitter to the observer then follow trajectories of constant longitude, dφ = 0.
In the Schwarzschild metric, the coordinate 4-velocity kµ ≡ dxµ/dλ along a null geodesic
at constant longitude satisfies three conservation laws, associated with energy, mass, and
angular momentum J per unit energy,
kt = 1/∆ , kr = ±
√
1− J2∆/r2 , kθ = −J/r2 , kφ = 0 . (80)
Here the photon frequency kt has been normalized to one as perceived by observers at
rest at infinity. If a radial infaller has specific energy E, then their coordinate 4-velocity
uµ ≡ dxµ/dτ is
ut =
E
∆
, ur = −
√
E2 −∆ , uθ = uφ = 0 . (81)
This paper considers a radial infaller who falls from zero velocity at infinity, in which case
E = 1, but the equations given in this Appendix are valid for arbitrary specific energy E.
The photon frequency ω ≡ −uµkµ emitted or observed by a radial infaller, relative to unit
frequency at rest at infinity, is
ω =
E − urkr
∆
. (82)
Equation (82) applies to a radial infaller, whether emitter or observer. For an emitter at
infinity, the emitted frequency relative to unit frequency at rest at infinity is constant,
ωem = E (rem →∞) . (83)
For an emitter near the illusory horizon, where ∆ → 0, the emitted frequency relative to
unit frequency at rest at infinity is proportional to 1/∆ regardless of the emitter’s orbital
parameters,
ωem ∝ 1
∆
(rem → 2M) . (84)
To avoid any ambiguity, in the remainder of this Appendix observer and emitter quan-
tities are labelled with explicit subscripts obs and em. The photon angular momentum J is
related to the infalling observer’s radius robs and viewing angle χ by
J =
∣∣∣∣∣ robs sinχEobs − urobs cosχ
∣∣∣∣∣ . (85)
The angle θ between emitter and observer is determined by integrating dθ/dr = kθ/kr,
giving
θ =
∫ robs
rem
J dr
r2
√
1− J2∆/r2 , (86)
which is an elliptic integral. The rate dτem/dτobs at which the observer sees the emitter’s
proper time elapse equals the blueshift factor ωobs/ωem,
dτem
dτobs
=
ωobs
ωem
. (87)
The acceleration κ that the observer perceives from a (radially moving) emitter at fixed
angular location θ is
κ ≡ − d ln(ωobs/ωem)
dτobs
∣∣∣∣
θ
(88)
= − drobs
dτobs
∂ lnωobs
∂robs
∣∣∣∣
J
+
ωobs
ωem
drem
dτem
∂ lnωem
∂rem
∣∣∣∣
J
− dJ
dτobs
∣∣∣∣
θ
∂ ln(ωobs/ωem)
∂J
∣∣∣∣
rem,robs
,
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Fig. 10 Acceleration κ on (left) the illusory horizon and (right) the sky above, as seen
by a radially free-falling infaller, relative to the acceleration κ0 respectively (left) directly
downward and (right) directly upward. This is similar to Figure 4, but whereas in that
Figure the observer was staring fixedly in the same direction χ, here the observer is staring
at a fixed location (latitude) on the illusory horizon or sky above. The observer here is thus
rotating their view, and they see a different acceleration from the non-rotating observer of
Figure 4. The curves are as seen by the infaller from (top to bottom, red to blue) radius
104, 103, 102, 10, 4, 2 (true horizon, thick line), 1, 0.5, 0.1, 10−2, 10−3, and 10−4 geometric
units.
the derivative dJ/dτobs|θ of the photon angular momentum J at fixed θ being determined
by
dθ
dτobs
= 0 =
drobs
dτobs
∂θ
∂robs
∣∣∣∣
J,rem
+
ωobs
ωem
drem
dτem
∂θ
∂rem
∣∣∣∣
J,robs
+
dJ
dτobs
∣∣∣∣
θ
∂θ
∂J
∣∣∣∣
rem,robs
, (89)
with θ from equation (86). The radial velocities are drobs/dτobs = u
r
obs and drem/dτem =
urem, which are negative since both emitter and observer are infalling. The middle term on
the right hand side of equation (89) is negligible for an infalling emitter asymptotically close
to the horizon, or for an emitter at infinity. In evaluating equation (88), a useful intermediate
result is
ur
ω
∂ lnω
∂r
∣∣∣∣
J
=
1
2kr
[(
1− J
2
r2ω2
)
d∆
dr
+
(ur)2
ω2
d(J2/r2)
dr
]
, (90)
which holds for both emitter and observer. For an infalling emitter near the horizon, the
quantity (90) tends to a constant −1/(4M). For an emitter at infinity, the quantity (90) is
zero. In the simple case of zero photon angular momentum, J = 0, equation (90) reduces to
ur
ω
∂ lnω
∂r
∣∣∣∣
J=0
=
1
2
d∆
dr
, (91)
and the acceleration κ, equation (88), simplifies to
κ0 = −ωobs
2
(
d∆obs
drobs
− d∆em
drem
)
. (92)
Equation (92) reproduces equations (4) when Eobs = 1 and the emitter is either at the
illusory horizon, or at infinity.
Figure 10 shows the acceleration κ perceived by an infaller watching a fixed location θ on
the illusory horizon, calculated from equations (88) and (89). The perceived acceleration κ is
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independent of the orbital parameters of the emitter, as long as the emitter is asymptotically
close to the horizon. The acceleration is plotted in Figure 10 not as a function of the location
θ, but rather as a function of the viewing angle χ, in part to allow comparison to Figure 4,
and in part to bring out the fact that the acceleration κ at fixed θ is approximately the same
function of χ at any observer radius robs. Figure 10 shows that the acceleration κ is positive
(redshifting) at viewing angles χ less than about a radian, and negative (blueshifting) at
larger viewing angles.
To watch a fixed angular location θ on the illusory horizon or at infinity, the infalling
observer must rotate their view as they fall in. As argued in §3, a cleaner measurement of
Hawking radiation is made by an inertial observer, who watches in a fixed direction as they
free-fall. The non-rotating observer’s view pans across the illusory horizon or the sky above
as they fall in. The acceleration κ that the observer perceives while staring along a fixed
viewing direction χ is
κ ≡ − d ln(ωobs/ωem)
dτobs
∣∣∣∣
χ
= − d ln(ωobs/ωem)
dτobs
∣∣∣∣
θ
− ∂ ln(ωobs/ωem)
∂J
∣∣∣∣
rem,robs
(
dJ
dτobs
∣∣∣∣
χ
− dJ
dτobs
∣∣∣∣
θ
)
, (93)
the first term on the right hand side of which is the acceleration at fixed θ given by equa-
tion (88). The derivative dJ/dτobs|θ of J at fixed θ is given by equation (89), while its
derivative dJ/dτobs|χ at fixed χ is determined by
dχ
dτobs
= 0 =
drobs
dτobs
∂χ
∂robs
∣∣∣∣
J
+
dJ
dτobs
∣∣∣∣
χ
∂χ
∂J
∣∣∣∣
robs
, (94)
with χ given in terms of robs and J by equation (85). For an emitter at infinity, the emitted
frequency ωem is constant, and the factor ∂ ln(ωobs/ωem)/∂J |rem,robs on the right hand
side of equation (93) simplifies to
∂ ln(ωobs/ωem)
∂J
∣∣∣∣
rem,robs
=
∂ lnωobs
∂J
∣∣∣∣
robs
(rem →∞) , (95)
with the observed frequency ωobs being given in terms of robs and J by equation (82). For
an emitter on the illusory horizon, the calculation of the factor ∂ ln(ωobs/ωem)/∂J |rem,robs
on the right hand side of equation (93) is more involved. To ensure that the observer is
watching the same emitted in-mode from the illusory horizon, the emitted affine distance
λem, equation (7), must be held fixed as the emitter’s angular position is varied over the
illusory horizon at constant observer position robs. Normalized to a frame at rest at infinity,
the affine distance λ between emitter and observer is obtained by integrating dr/dλ = kr,
giving
λ =
∫ robs
rem
dr√
1− J2∆/r2 . (96)
The emitted and observed affine distances λem and λobs are then
λem = ωemλ , λobs = ωobsλ . (97)
Equations (97) imply that fixing the emitted affine distance λem as the emitter’s angular
position is varied imposes the condition
∂ ln(ωobs/ωem)
∂J
∣∣∣∣
rem,robs
=
∂ lnλobs
∂J
∣∣∣∣
rem,robs
(rem → 2M) , (98)
with λobs as a function of J , robs, and rem defined by equations (96) and (97), together with
(82). Replacing the factor ∂ ln(ωobs/ωem)/∂J |rem,robs in equation (93) by the right hand
side of equation (98) yields the acceleration κ perceived by the observer staring at a fixed
viewing direction on the illusory horizon, as illustrated in Figure 4.
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C The wave equation and its solution
C.1 The wave equation
A massless wave of spin s (= 0, 1
2
, 1, 3
2
, or 2) and definite chirality has 2s+ 1 components
[43]. With respect to a Newman-Penrose tetrad, the components have boost weights σ =
−s,−s+1, ..., s, and spin weights ς equal (right-handed chirality) or opposite (left-handed
chirality) to their boost weights. A component of boost weight σ is multiplied by eση under
a Lorentz boost by rapidity η in the radial direction. A component of spin weight ς is
multiplied by e−iςζ under a right-handed rotation by angle ζ in the horizontal plane. Only
one of the 2s + 1 components of a spin-s wave (of definite chirality) is long range and
propagating, namely the component with boost weight σ = −s for an outgoing wave, and
boost weight σ = s for an ingoing wave. The remaining components are short-range. The
short-range components are not independent, but rather oscillate in harmony with the long-
range propagating component.
The propagating component ϕσ (with boost weight σ = −s outgoing, σ = +s ingoing)
of a spin-s wave in the Schwarzschild geometry satisfies the wave equation[∣∣∣∣∆r2
∣∣∣∣s( ∂∂r∗ ∓ ∂∂t
) ∣∣∣∣∆r2
∣∣∣∣−s( ∂∂r∗ ± ∂∂t
)
− V∓s
]
r|∆|s/2ϕ∓s = 0 , (99)
where r∗ is the tortoise coordinate defined by equation (74). Outside the horizon, the tortoise
coordinate increases outward from r∗ → −∞ at the horizon to r∗ → +∞ at spatial infinity.
Inside the horizon, the tortoise coordinate increases inward from r∗ → −∞ at the horizon to
r∗ = 0 at the singularity at zero radius. The potential Vσ for a wave of angular momentum
l = s, s+1, ... is
Vσ(r) ≡
[
l(l + 1) + (s− 1)2 − (s− 1)(2s− 1)∆] ∆
r2
, (100)
independent of the sign σ = ∓s of the boost weight. Angular eigenmodes are the usual
spin spherical harmonics ςYlm(θ, φ) with spin weight ς = ±σ (+ for right-handed, − for
left-handed chirality).
The wave equation (99) simplifies near the horizon, where the horizon function goes
to zero, ∆ → 0, and hence the potential goes to zero, Vσ → 0. Near the horizon, or more
generally wherever the potential Vσ is small (which includes spatial infinity r →∞ for finite
angular momentum l, that is, l(l+1)|∆/r2|  1), the propagating eigenmodes of definite
frequency w are (the eigenfrequency is written w to avoid confusion with the frequency ω
emitted or observed by a freely-falling observer)
rϕσ ∼ e−iw(t∓r∗)|∆|−s/2 , (101)
with sign − for outgoing, + for ingoing eigenmodes. For non-zero spin s, the propagating
wave ϕσ diverges as |∆|−s/2 at the horizon, for both outgoing (σ = −s) and ingoing (σ = +s)
waves.
C.2 Waves seen in the frames of free-fallers
Gullstrand-Painleve´ coordinates are convenient to recast waves into the frames of free-fallers.
The Gullstrand-Painleve´ line element is
ds2 = −dτ2 + (dr − βdτ)2 + r2(dθ2 + sin2θ dφ2) , (102)
where β = ur = dr/dτ is the (negative) infall velocity of a person who falls radially from
zero velocity at infinity (such a person has specific energy E = 1),
β(r) ≡ −√1−∆ = −
√
2M
r
, (103)
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and τ is the proper time experienced by such a person,
τ = t−
∫
β dr∗ = t+ 2M ln
∣∣∣∣1− β1 + β
∣∣∣∣+ 4Mβ . (104)
Outgoing and ingoing Finkelstein null coordinates t ∓ r∗ can be expressed in terms of
Gullstrand-Painleve´ coordinates as
dt∓ dr∗ = 1
1± β [dτ ∓ (dr − βdτ)] . (105)
Along the path of the infaller, dr − βdτ = 0. Thus outgoing and ingoing Finkelstein null
coordinates t∓ r∗ along the path of an infaller are
t∓ r∗ =
∫
dτ
1± β (106)
= ∓ 4M ln
∣∣∣∣1∓√ r2M
∣∣∣∣−√2Mr(2±√ r2M + r3M
)
,
which is shifted so t∓ r∗ = 0 at the singularity r = 0.
A wave ϕσ of boost weight σ is multiplied by eση under a radial boost by rapidity η. The
rapidity η is negative for an inward boost, positive for an outward boost. The boost factor
eη in the transformation from the stationary to the infalling frame is (here η is negative)
eη =
√∣∣∣∣1 + β1− β
∣∣∣∣ , (107)
which tends to zero at the horizon, where β = −1. The boost factor in an outgoing frame
is the reciprocal of this. Whereas the ingoing frame has specific energy E = 1 and radial
4-velocity ur negative both outside and inside the horizon, the outgoing frame has E = 1
and ur positive outside the horizon, but E = −1 and ur negative inside the horizon. Near
the horizon, the infalling and outgoing boost factors are
eη ≈ 1
2
|∆|±1/2 , (108)
with sign + for infalling, − for outgoing. Thus in an infalling or outgoing frame, the prop-
agating eigenmodes (101) behave as
rϕσ ∼

e−iw(t−r
∗)|∆|−s out wave, in frame,
e−iw(t+r
∗) in wave, in frame,
e−iw(t−r
∗) out wave, out frame,
e−iw(t+r
∗)|∆|−s in wave, out frame.
(109)
Equation (109) says that an ingoing wave appears to have constant amplitude to an infalling
observer, and likewise an outgoing wave appears to have constant amplitude to an outgoing
observer; while an outgoing mode (σ = −s) appears to an infalling observer to diverge as
|∆|−s, and similarly an ingoing mode (σ = +s) appears to an outgoing observer to diverge
as |∆|−s.
The apparent divergence of an outgoing wave seen by an ingoer should be interpreted
with care. An outgoing wave near the horizon, whether outside or inside the horizon, always
moves away from the horizon, so an ingoing observer always sees the amplitude of an outgoing
wave to be smaller than when the outgoing wave was emitted. Thus an ingoer falling through
the horizon does not actually see any divergence in outgoing waves.
The propagating near-horizon eigenmodes (109) take the same functional form regardless
of eigenfrequency w. Therefore a general near-horizon wave must take the form
rϕσ ∼

f(t− r∗)|∆|−s out wave, in frame,
f(t+ r∗) in wave, in frame,
f(t− r∗) out wave, out frame,
f(t+ r∗)|∆|−s in wave, out frame.
(110)
40 Andrew J S Hamilton
C.3 Outgoing modes near the horizon
A Hawking mode from the illusory horizon originates as an outgoing mode of pure frequency
ν in the frame of a near-horizon infaller. A propagating outgoing mode ϕν of pure frequency
ν in the frame of a near-horizon infaller is (the subscript σ is dropped for brevity, and a
subscript ν is added to emphasize that the mode is being assigned a definite “in” frequency
ν),
rϕν(τ) = f [t(τ)− r∗(τ)] |∆|−s/2e−sη = e−iντ |∆|−s/2e−sη , (111)
where τ is the infaller’s proper time shifted to zero at horizon crossing, and t(τ) and r∗(τ)
are the time and tortoise coordinate along the path of the infaller. The boost factor e−sη in
equation (111) has been factored out to permit flexibility in the choice of frame (the rapidity
η is negative for an infalling frame). Near the horizon, the outgoing null coordinate t − r∗
varies with the infaller’s proper time τ as
t− r∗ ≈ −
∫
dτ
κhτ
= − 1
κh
ln |τ | , (112)
and κh ≡ −dβ/dτ = 1/(4M) is the acceleration at the horizon. Equation (112) is valid not
only outside but also inside the horizon, with τ < 0 outside the horizon and τ > 0 inside
the horizon. Substituting equation (112) into equation (111) yields the near-horizon form of
the pure-frequency outgoing wave as a function of t and r∗,
rϕν(t, r) ≈ exp
[
±i ν
κh
e−κh(t−r
∗)
]
|∆|−s/2e−sη , (113)
with the ± sign being + outside the horizon, − inside the horizon.
The form ϕν(t, r) of the pure-frequency mode everywhere in the spacetime follows from
solving the wave equation (99) subject to the near-horizon initial condition (113). The wave
equation (99) is in the stationary frame η = 0, so the initial condition (113) should be
applied with η = 0, and the resulting wave should then be boosted into the frame of the
observer. The boost affects only the amplitude, not the phase, of the wave.
The situation of interest for calculating Hawking radiation from the illusory horizon is
what the mode ϕν of pure frequency ν in the first infaller’s frame looks like to a second
infaller who falls in some time later. As a function of the proper time τ along the path of
the second infaller, the pure-frequency mode evolves as
ϕν(τ) = ϕν(t, r) , (114)
where t ≡ t(τ) and r ≡ r(τ) are the time and radius along the path of the second infaller.
C.4 Numerical computation of the wave equation for outgoing modes
Suppose that the second infaller hits the singularity at some time t = t0. If the numerical
integration of the wave ϕν is started near the horizon at some large negative value r∗0 of
the tortoise coordinate, then for high-frequency radial (zero angular-momentum) modes the
past lightcone of the second infaller hitting the singularity at t = t0 encompasses a range of
times t = t0 ± r∗0 . For non-radial modes, the past lightcone encompasses a broader range of
times t, but still it suffices to integrate the wave equation over a finite initial range of time t.
For a wave of given spin and angular momentum, it suffices to integrate the wave equation
once, and the result can be used to infer what various infallers see who hit the singularity
at a range of times t, provided that the range of time t over which the wave equation is
integrated is broad enough to encompass the past lightcones of the infallers.
The wave equation was solved using the NDSolve routine in Mathematica over a domain
in time t and radius r. To maintain accuracy near the horizon, the radial coordinate was
taken to be the logarithm ln |∆(r)| of the horizon function rather than the radius r itself.
To avoid ambiguities of 2pi in the phase of the wave, the wave equation was solved for the
wavefunction’s logarithm lnϕν , whose real and imaginary parts give the log-amplitude and
phase of the wave.
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C.5 Confluent Heun eigenfunctions
Eigenmodes of the wave equation (99) are confluent Heun functions. Hawking modes from
the sky above originate as modes of definite rest-frame frequency w at infinity, and are
therefore confluent Heun functions. Hawking modes from the illusory horizon originate as
outgoing waves of pure frequency ν from the perspective of a freely-falling observer near the
horizon, equation (113); these are not eigenmodes of a single eigenfrequency, but rather are
superpositions of eigenmodes with a continuum of eigenfrequencies w.
Confluent Heun functions H(q;α, γ, δ, ; z) are solutions of the differential equation[
d2
dz2
+
(
γ
z
+
δ
z − 1 + 
)
d
dz
+
αz − q
z(z − 1)
]
H(z) = 0 . (115)
From the differential equation (115) it is straightforward to infer that the confluent Heun
function has a power series expansion about z = 0 absolutely convergent inside the circle
|z| < 1 in the complex plane,
H(q;α, γ, δ, ; z) =
∞∑
i=0
ciz
i , (116)
with coefficients ci satisfying
c−1 = 0 , c0 = 1 , ci+2 =
[(i+ 1)(i+ γ + δ − )− q] ci+1 + (i+ α)ci
(i+ 2)(i+ 1 + γ)
. (117)
Eigenmodes of the wave equation (99) of spin s that are respectively outgoing and
ingoing at the horizon are
rsϕσ =
e−iw(t+r
∗)
|r2∆|σ/2
{
H [q−α;−α, δ, γ,−; 1−z] outgoing,
(1− z)1−δH [q−α−(1−δ)(γ+);−α−(1−δ), δ, γ,−; 1−z] ingoing,
(118)
with σ = −s for outgoing, and σ = s for ingoing eigenmodes, and
q = (l−σ)(l+σ+1) , α = 4iwM(1+2σ) , γ = 1+σ , δ = 1+σ+4iwM ,  = 4iwM , z = r
2M
.
(119)
The near-singularity solution that matches the outgoing or ingoing eigensolution (118) is
some linear combination of eigenmodes with coefficients C1 and C2,
rsϕσ = |r2∆|σ/2e−iw(t−r∗)
[
C1H1(z) + C2z
1−γH2(z)
]
, (120)
where the confluent Heun functions H1 and H2 are
H1(z) = H [q;α, γ, δ, ; z] , H2(z) = H [q+(γ−1)(δ−);α+(1−γ), 2−γ, δ, ; z] . (121)
The leading order behavior of the eigenfunctions near the singularity is
H1(z) = 1 +O(z) , z
1−γH2(z) = z−σ
(
1 +O(z)
)
. (122)
For zero spin, σ = 0, so γ = 1, the two eigenmodes coincide, z1−γH2(z) = H1(z), and the
independent eigenmodes can be taken to be H1(z) and
lim
γ→1
z1−γH2(z)−H1(z)
1− γ = ln z
(
1 +O(z)
)
. (123)
If σ is a negative integer, so γ is an integer ≤ 0, then limγ→1+σ z1−γH2(z)/c2,|σ| = H1(z)
where c2,|σ| is the |σ|’th coefficient of the series expansion of H2(z), and the independent
eigenmodes can be taken to be H1(z) and
lim
γ→1+σ
[
z1−γH2(z)− c2,|σ|H1(z)
]
= z−σ
(
1 +O(z ln z)
)
. (124)
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Likewise if σ is a positive integer, so γ is an integer ≥ 2, then limγ→1+σ H1(z)/c1,σ =
z1−γH2(z) where c1,σ is the σ’th coefficient of the series expansion of H1(z), and the
independent eigenmodes can be taken to be z1−γH2(z) and
lim
γ→1+σ
[
H1(z)− c1,σz1−γH2(z)
]
= 1 +O(z ln z) . (125)
For integral σ, the power series expansions of the eigenmodes (123)–(125) in z involve terms
proportional to zi ln z as well as zi.
C.6 Asymptotic behavior near the singularity
This sub-Appendix derives the asymptotic behavior of waves near the singularity from the
series expansion of Heun eigenfunctions of the wave equation (99). For a wave of eigenfre-
quency w, the asymptotic behavior holds at radii
r
2M
 (2wM)−1/2 . (126)
The behavior of eigenmodes near the singularity at r = 0 proves to depend on spin s (the
absolute value of the boost weight σ), but not on either the eigenfrequency w or the harmonic
number l. The reason for this generic behavior is that the amplitude of an eigenmode near
the singularity is dominated by the larger of the two independent eigenfunctions, which is
a diverging factor of z−|σ| (or ln z if σ = 0) larger than the smaller eigenfunction, while for
the physically relevant range |σ| ≤ 2 of spins the phase evolves in a fashion that to leading
order depends only on the smaller eigenfunction (more precisely, on the imaginary part of
the ratio Csmall/Clarge of the coefficients of the small to large eigenfunctions). As long as
the complex constants Clarge and Csmall do not have the same phase (in particular, neither
Clarge nor Csmall is zero), the frequency ω seen by a radially free-falling infaller near the
singularity is
ω ≡ dψ
dτ
≈ |σ| Im (Csmall/Clarge) r−3/2+|σ| (|σ| ≤ 2) , (127)
regardless of the eigenfrequency w or harmonic number l. For σ = 0, replace the coefficient
|σ| → 1/(ln r)2 in equation (127). For higher-order spins |σ| > 2, not only the amplitude but
also the phase of the wave is dominated by the larger of the two independent eigenfunctions,
and the frequency seen by an infaller is ω ∝ r1/2 regardless of the eigenfrequency w or
harmonic number l. As a consequence of relation (127), the acceleration κ of any generic
wave observed by an infaller near the singularity is, for the physically relevant range σ ≤ 2
of spins,
κ ≡ −d lnω
dτ
=
2|σ| − 3
3|τ | (|σ| ≤ 2) , (128)
regardless of the eigenfrequency w or harmonic number l. For higher-order spins |σ| > 2,
the acceleration is κ = 1/(3|τ |). The acceleration (128) reproduces equation (13).
C.7 The wave equation in the geometric-optics limit
This sub-Appendix checks that the classical result (4) for the acceleration κ0 on the illusory
horizon below or sky above is recovered from the wave equation (99) in the high-frequency,
low angular-momentum limit.
At high enough frequencies and finite angular momentum l, the ∂2/∂t2 term in the
wave equation (99) dominates the potential, and the expression (113) then holds not only
near the horizon but also elsewhere. This is the geometric-optics limit for radially outgoing
waves. Note that the geometric-optics limit inevitably fails near the singularity, where the
potential diverges, Vσ →∞. In the geometric-optics limit, the phase ψ(τ) of the wave along
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the path of a second infaller who hits the horizon at time t0 after the first infaller hit the
horizon is
ψ ≡ −Im lnϕν = ∓ ν
κh
e−κh(t−r
∗) (129)
=
ν
κh
(
1−
√
r
2M
)
exp
[
−κht0 −
11
6
+
√
r
2M
+
r
4M
+
1
3
( r
2M
)3/2]
.
The phase ψ increases continuously and smoothly as the infaller crosses the true horizon at
r = 2M . The frequency observed by the infaller is
ω ≡ dψ
dτ
(130)
= ν
√
r
2M
exp
[
−κht0 −
11
6
+
√
r
2M
+
r
4M
+
1
3
( r
2M
)3/2]
.
The frequency observed by the second infaller crossing the horizon at time t0 after the first
infaller is redshifted by a factor e−κht0 . The observed acceleration is
κ ≡ −d lnω
dτ
, (131)
the explicit expression for which agrees with the classical result (4) for zero angular momen-
tum photons from the illusory horizon.
Similarly, for an ingoing wave of definite frequency w emitted from the sky above, the
phase ψ(τ) of the wave along the path of an infaller is
ψ = w(t+ r∗) =
w
κh
[
ln
(
1 +
√
r
2M
)
−
√
r
2M
+
r
4M
− 1
3
( r
2M
)3/2]
. (132)
The corresponding frequency observed by the infaller is
ω ≡ dψ
dτ
= w
√
r/2M
1 +
√
r/2M
. (133)
The observed acceleration κ ≡ −d lnω/dτ agrees with the classical result (4) for zero angular
momentum photons from the sky above.
D Two-term, power-law solutions for conserved relativistic
energy-momenta
In the Schwarzschild geometry, equations (26) for the conserved energy-momentum tensor
of a relativistic, hence traceless, fluid have two-term, power-law solutions proportional to
arbitrary powers rn of radius, consisting of the sum of an anisotropic relativistic fluid with
{ρ, p, p⊥} = ρaniso{1, 1, 0} and an isotropic relativistic fluid with {ρ, p, p⊥} = ρiso{1, 13 , 13},
with respective energy densities
ρaniso = Cr
n
[
(2 + n)(5 + n)− 1
3
(1 + n)(4 + n)
r
2M
]
, (134a)
ρiso = Cr
n
[
− (1 + n)(5 + n) + (3 + n)(4 + n) r
2M
]
, (134b)
where C is some constant. The fluxes in the two components satisfy equation (41).
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